
Fkdswhu 4

LQWURGXFWLRQ

�Wkh ixqgdphqwdo sureohp ri frppxqlfdwlrq lv wkdw ri uhsurgxflqj dw rqh

srlqw hlwkhu h{dfwo| ru dssur{lpdwho| d phvvdjh vhohfwhg dw dqrwkhu srlqw1�

�Fodxgh Vkdqqrq

Wklv fkdswhu suhvhqwv d ihz vlpsoh h{dpsohv wr looxvwudwh wkh sulqflsohv
lqyroyhg lq vriw lwhudwlyh ghfrglqj +VLG, lq Vhfwlrq 41 D eulhi vxppdu|
ri gljlwdo frppxqlfdwlrqv dqg srwhqwldo dssolfdwlrqv lv jlyhq lq Vhfwlrqv
5 dqg 6/ iroorzhg e| dq ryhuylhz ri wkh fkdswhuv lq wklv errn lq Vhfwlrq
71 D jxlgh wr qrwdwlrq dqg v|perov lv surylghg lq Vhfwlrq 81

41 VRIW LWHUDWLYH GHFRGLQJ

�Vriw� ghfrglqj uhihuv wr wkh xvh ri suredelolvwlf lqirupdwlrq dv lq0
sxw wr d ghfrglqj dojrulwkp/ dv rssrvhg wr �kdug� ghfrglqj/ zkhuh wkh
lqsxw lv d vhtxhqfh ri v|perov +h1j1/ elwv,1 Vhfwlrq 414 jlyhv vrph sure0
ohpv uhodwhg wr frlq suredelolwlhv/ looxvwudwlqj wkh lghd ri vriw ghfrglqj1
Lq Vhfwlrq 415/ wkh frxqwlqj ri vroglhuv looxvwudwhv wkh xvh ri lwhudwlyh
ghfrglqj wr shuirup d frpsxwdwlrq1 Vhfwlrq 416 ghvfulehv wkh phvvdjh0
sdvvlqj dojrulwkp +PSD,/ zklfk lv d vriw lwhudwlyh ghfrglqj whfkqltxh1

414 FRLQ SUREDELOLWLHV

Zh frqvlghu d sx}}oh uhodwhg wr frlq suredelolwlhv= Vxssrvh wkhuh duh
wkuhh frlqv/ zklfk duh nqrzq wr eh doo khdg ru doo wdlov1 Lq dgglwlrq/
vxssrvh wkdw wkh �uvw frlq lv nqrzq wr eh d khdg zlwk suredelolw| �

�
/

wkh vhfrqg frlq lv +lqghshqghqwo|, nqrzq wr eh d khdg zlwk suredelolw|
�

�
/ dqg wkh wklug frlq kdv d xqlirup glvwulexwlrq +zlwk suredelolw| �

2
,1

Jlyhq wklv lqirupdwlrq/ zkdw lv wkh suredelolw| wkdw wkh wklug frlq lv d
khdgB +Klqw= Wkh dqvzhu lv qhlwkhu �

�
qru �

b
1,

4
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1p 2p ?

Iljxuh 4141 Hydoxdwlqj suredelolwlhv rq frlqv

Ohw xv ghvfuleh wklv sureohp pruh suhflvho|1 Ohw {� ghqrwh wkh l0wk
frlq/ iru l @ 4> 5> 6/ zlwk wkh ydoxh {� @ 4 uhsuhvhqwlqj khdgv dqg wkh
ydoxh {� @ 3 uhsuhvhqwlqj wdlov1 Wkh �uvw frlq lv nqrzq wr eh d khdg zlwk
suredelolw| s� @ S +{� @ 4,/ dqg wkh vhfrqg frlq lv nqrzq wr eh d khdg
zlwk suredelolw| s2 @ S +{2 @ 4,1 Qrwklqj lv nqrzq derxw wkh wklug frlq/
vr lw lv dvvxphg wr kdyh d xqlirup glvwulexwlrq/ s� @ S +{� @ 4, @ �

2 1
Wkhvh suredelolwlhv s�/ s2/ dqg s� duh nqrzq dv wkh d sulrul +ru �sulru�/
iru vkruw, suredelolwlhv/ dqg fdq frph iurp dq revhuydwlrq ru h{whuqdo
vrxufh1

Dgglwlrqdo vwuxfwxuh rq wkh frq�jxudwlrq ri wkh frlqv fdq eh ghvfulehg
e| d frqvwudlqw vhw V @ i+{�> {2> {�,j ri ydolg frq�jxudwlrqv1 Lq wkh fdvh
zkhuh wkh frlqv duh doo wdlov ru doo khdgv/ wkh frqvwudlqw vhw lv

V @ i+3> 3> 3, > +4> 4> 4,j =

Xvlqj wklv lqirupdwlrq/ wkh sureohp lv wr �qg wkh suredelolw| wkdw {� @ 4/
jlyhq wkdw wkh wkuhh frlqv +{�> {2> {�, vdwlvi| wkh frqvwudlqw V1 Wklv
frqglwlrqdo suredelolw| lv nqrzq dv wkh d srvwhulrul +ru �srvwhulru�/ iru
vkruw, suredelolw|/ dqg fdq eh zulwwhq dv

s
TLt|
� @ S +{� @ 4 m +{�> {2> {�, 5 V, =

+Sulru dqg srvwhulru suredelolwlhv duh glvfxvvhg lq pruh ghwdlo lq Fkdswhu
5/ Vhfwlrq 41,

Uhfdoo wkh uxoh iru frqglwlrqdo suredelolwlhv +uhi1 ^Ohr<7`,=

S +D m E, @
S +D>E,

S +E,

Lq wklv fdvh/ ohw D uhsuhvhqw wkh hyhqw wkdw wkh wklug frlq lv d khdg
+{� @ 4,/ dqg ohw E uhsuhvhqw wkh hyhqw wkdw doo wkuhh frlqv vdwlvi| wkh
frqvwudlqw ++{�> {2> {�, 5 V,1 Wkhq wkh srvwhulru suredelolw| lv

s
TLt|
� @

S
E%� c%2 c%��M7

%�'�

S +{�> {2> {�,

S
E%� c%2 c%��M7

S +{�> {2> {�,
= +414,
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Wkh vxppdwlrq lv ryhu doo frq�jxudwlrqv lq V vxfk wkdw {� @ 4/ qrupdo0
l}hg e| vxpplqj ryhu wkh suredelolwlhv ri doo frq�jxudwlrqv lq V1 Lw lv
dvvxphg wkdw wkh sulru suredelolwlhv duh lqghshqghqw/ vr wkdw wkh mrlqw
suredelolw| fdq eh idfwruhg dv iroorzv=

S +{�> {2> {�, @ S +{�,S +{2,S +{�,

H{dpsoh 4 +htxdolw|,1 Zkhq wkh frlqv duh hlwkhu doo khdgv ru doo
wdlov/ wkh vhw ri ydolg frq�jxudwlrqv iru wkh wkuhh frlqv lv ghqrwhg
V @ i+3> 3> 3, > +4> 4> 4,j1 Xvlqj +414,/ wkh suredelolw| ri wkh wklug frlq
ehlqj d khdg lv

s
TLt|

� @
s�s2s�

s�s2s� . +4� s�, +4� s2, +4� s�,
=

Wkhq vxssrvh wkdw wkh sulru suredelolw| wkdw wkh �uvw frlq lv d khdg
+{� @ 4, lv s� @

�
�
/ dqg vlploduo| iru wkh vhfrqg frlq/ s2 @

�
�
1 Vlqfh

qrwklqj lv nqrzq derxw wkh wklug frlq/ s� @
�
2
lv dvvxphg1 Wkhq wkh

srvwhulru suredelolw| lv

+4@6,2

+4@6,2 . +5@6,2
@ 4@8>

vr wkdw kdylqj wzr suredelolwlhv ri 4@6 ghfuhdvhv wkh fhuwdlqw| wkdw
wkh wklug frlq lv d khdg wr 4@8/ dqvzhulqj wkh txhvwlrq srvhg lq wkh
�uvw sdudjudsk1

H{dpsoh 5 +sdulw|0fkhfn,1 Qh{w/ vxssrvh wkh vwuxfwxuh lv wkdw
wkhuh duh dq hyhq qxpehu ri khdgv dprqjvw wkh wkuhh frlqv1 Lq wklv
fdvh/ wkh vhw ri ydolg frq�jxudwlrqv lv

V @ i+3> 3> 3, > +4> 4> 3, > +4> 3> 4, > +3> 4> 4,j =

Li wkh �uvw wzr frlqv kdyh sulru suredelolwlhv s� dqg s2/ wkhq xvlqj
+414,/ wkh srvwhulru suredelolw| ri wkh wklug frlq fdq eh ghgxfhg wr
eh

sTLt|� @ s� +4� s2, . +4� s�, s2=

Lq rwkhu zrugv/ wkh suredelolw| wkdw wkh wklug frlq frphv xs khdgv lv
jlyhq e| wkh suredelolw| wkdw h{dfwo| rqh ri wkh rwkhu wzr frlqv lv d
khdg1 Li s� @ s2 @

�
�
/ wkhq qrwklqj kdv ehhq ohduqhg derxw wkh wklug

frlq/ dv sTLt|� @ �
2
1

H{dpsoh 6 +frqvwudlqw,1 Lq jhqhudo/ wkh frqvwudlqw vhw fdq eh
dq duelwudu| uhvwulfwlrq rq wkh doorzdeoh sdwwhuqv1 Vxssrvh wkdw wkh

7 VRIW LWHUDWLYH GHFRGLQJ

frqvwudlqw shuplwv h{dfwo| rqh khdg dprqjvw wkh wkuhh frlqv/ vr wkdw
wkh frqvwudlqw vhw lv

V @ i+4> 3> 3, > +3> 4> 3, > +3> 3> 4,j =

Jlyhq wkh sulru suredelolwlhv s� dqg s2 iru wkh �uvw dqg vhfrqg frlq/
wkh srvwhulru suredelolw| iru wkh wklug frlq fdq eh irxqg dv iroorzv=

s
TLt|

� @
+4� s�, +4� s2,

s� +4� s2, . +4� s�, s2 . +4� s�, +4� s2,

@
+4� s�, +4� s2,

4� s�s2

Lq wklv fdvh/ hyhq zkhq wkh �uvw wzr frlqv kdyh xqlirup suredelolwlhv
s� @ s2 @ �

2
/ wkh nqrzohgjh wkdw wkh frlqv vdwlvi| wkh frqvwudlqw V

jlyhv d srvwhulru suredelolw| ri s
TLt|

� @ �
�
iru wkh wklug frlq wr eh d

khdg1

Wkh �uvw wzr h{dpsohv/ �htxdolw|� dqg �sdulw|0fkhfn/� fruuhvsrqg wr
wkh htxdolw| qrgh dqg sdulw|0fkhfn qrgh glvfxvvhg lq Fkdswhu 51 Wkh
wklug h{dpsoh/ �frqvwudlqw/� jlyhv dq h{dpsoh ri d qrq0olqhdu frqvwudlqw
vlplodu wr wkh frqvwudlqhg frghv glvfxvvhg lq Fkdswhuv 8 dqg 91 Wkh
phvvdjh0sdvvlqj dojrulwkp lv edvhg rq vlpsoh suredelolvwlf fdofxodwlrqv
vxfk dv wkhvh/ zklfk duh frpelqhg wr vroyh frpsolfdwhg ghfrglqj sure0
ohpv1

415 FRXQWLQJ VROGLHUV

Dq h{dpsoh gxh wr Shduo ^Shd;;` +dovr suhvhqwhg lq ^Pdf34`, vhuyhv
wr looxvwudwh krz wkh sdvvlqj ri phvvdjhv lq d judsk fdq vroyh d sureohp
dv d glvwulexwhg frpsxwdwlrq1 Iluvw/ vxssrvh wkhuh lv d wurrs ri vroglhuv
vwdqglqj lq d urz/ dv slfwxuhg lq Iljxuh 4151 Hdfk vroglhu fdq rqo|
frppxqlfdwh zlwk wkh qhljkerulqj vroglhuv gluhfwo| dkhdg dqg ehklqg1
Wkh sureohp lv wr frxqw wkh wrwdo qxpehu ri vroglhuv dqg glvwulexwh wklv
lqirupdwlrq wr hyhu| vroglhu1

Dq lqwhuhvwlqj vroxwlrq lv jlyhq e| wkh iroorzlqj uxoh= Zkhqhyhu |rx

uhfhlyh d qxpehu iurp rqh qhljkeru/ dgg 4 dqg sdvv wklv qxpehu wr wkh

rwkhu qhljkeru1 Wkh dojrulwkp vwduwv zlwk wkh vroglhuv vwdqglqj dw wkh
hqgv ri wkh olqh/ zkr hdfk sdvv d 4 wr wkhlu lpphgldwh qhljkeruv1 Wkh
qxpehuv duh lqfuhphqwhg e| 4 hdfk wlph wkh| jhw sdvvhg dorqj1 Wkh
lqwhusuhwdwlrq ri wkh phvvdjhv fdq eh dv iroorzv= Li d vroglhu sdvvhv
d phvvdjh q wr dqrwkhu vroglhu/ lw phdqv/ �L eholhyh wkdw wkhuh duh q

vroglhuv/ lqfoxglqj p|vhoi/ xsvwuhdp ri wklv phvvdjh1� Zkhq doo phvvdjhv
kdyh ehhq sdvvhg/ hdfk vroglhu vxpv wkh lqfrplqj qxpehuv iurp wkh
qhljkeruv/ dqg wkhq dggv 4 pruh wr rewdlq wkh wrwdo qxpehu ri vroglhuv1



Lqwurgxfwlrq 8

� � � � �

�����

/ /��

55��

7RWDO� / � 5 � �

Iljxuh 4151 Frxqwlqj vroglhuv xvlqj phvvdjh0sdvvlqj

D judsk fdq eh xvhg wr uhsuhvhqw wkh vroglhuv/ dv vkrzq lq Iljxuh 4161
Wkh qrghv uhsuhvhqw wkh vroglhuv/ dqg wkh hgjhv uhsuhvhqw wkh frppxql0
fdwlrq olqnv ehwzhhq wkh vroglhuv1 Wkh uhohydqw uxoh iru phvvdjh0sdvvlqj
iru judskv lq wklv fdvh lv dv iroorzv= Li d qrgh kdv N . 4 hgjhv/ vxp

wkh lqfrplqj phvvdjhv dorqj hdfk vxevhw ri N hgjhv/ dqg sdvv wkh vxp

dorqj wkh uhpdlqlqj hgjh1 Lq rwkhu zrugv/ li d qrgh kdv N . 4 hgjhv/
wkhq dq| wlph lw uhfhlyhv lqfrplqj phvvdjhv dorqj N hgjhv/ lw vxpv
wkrvh qxpehuv dqg sdvvhv wkh uhvxow rxw dorqj wkh uhpdlqlqj hgjh1 Li d
qrgh uhfhlyhv ohvv wkdq N phvvdjhv/ wkhq lw grhv qrwklqj/ dqg zdlwv iru
pruh phvvdjhv wr duulyh1 +Rqfh d phvvdjh lv sdvvhg dorqj dq hgjh/ lw
lv dvvxphg wr vwd| wkhuh xqwlo lw lv xsgdwhg1, Iru wkh qrghv lq Iljxuh
416/ wkhuh lv rqh yhuwlfdo hgjh wkdw lv xvhg iru lqsxwwlqj wkh lqlwldo frxqw
ri 4/ dqg rqh ru wzr krul}rqwdo hgjhv uhsuhvhqwlqj wkh frqqhfwlrqv wr
qhljkerulqj vroglhuv1

Xvlqj wkhvh uxohv/ wkh rughu ri wkh phvvdjh0sdvvlqj lq wkh judsk lv
vkrzq lq Iljxuh 4171 Iluvw wkhuh lv dq hgjh wr hdfk qrgh zlwk dq lqfrplqj
phvvdjh ri 4/ uhsuhvhqwlqj hdfk vroglhu*v lqlwldo frxqw wkdw wkhuh lv 4
vroglhu�qdpho| klpvhoi ru khuvhoi1 Qh{w/ vlqfh wkh wzr qrghv dw wkh hqgv
kdyh rqo| 5 hgjhv/ wkh rqh lqfrplqj phvvdjh lv vx!flhqw wr wuljjhu dq
rxwjrlqj phvvdjh wr wkh qhljkerulqj vroglhu1 Vxevhtxhqwo|/ lq erwk wkh

9 VRIW LWHUDWLYH GHFRGLQJ
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Iljxuh 4161 Judsklfdo uhsuhvhqwdwlrq iru vroglhu0frxqwlqj

iruzdug dqg edfnzdug gluhfwlrqv/ hdfk phvvdjh sdvvhg wr d qrgh wuljjhuv
wkdw qrgh wr vhqg d phvvdjh lq wkh vdph gluhfwlrq wr wkh qh{w qrgh/ zlwk
wkh ydoxh lqfuhphqwlqj e| 4 hdfk wlph1 Ilqdoo|/ zkhq d qrgh uhfhlyhv d
phvvdjh iurp erwk wkh ohiw dqg uljkw vlghv/ lw vxpv wkh qxpehuv wrjhwkhu
wr jlyh dq rxwjrlqj phvvdjh dorqj wkh erwwrp hgjh1 +Iru wkh fdvh ri wkh
wzr vroglhuv rq wkh hqg/ zklfk rqo| kdyh wzr hgjhv/ dq| phvvdjh wkh|
uhfhlyh dorqj rqh hgjh lv gluhfwo| sdvvhg dorqj wkh rwkhu1, Wklv rxwjrlqj
phvvdjh lv fdoohg wkh �h{wulqvlf� phvvdjh/ dqg uhsuhvhqwv wkh dgglwlrqdo
nqrzohgjh wkdw wkh vroglhu kdv ohduqhg iurp wkh phvvdjh0sdvvlqj1 +Wkh
odehov lq Iljxuh 416 ri �lqwulqvlf/� �iruzdug0edfnzdug/� dqg �h{wulqvlf�
uhihu wr wkh phvvdjh0sdvvlqj dojrulwkp lq Fkdswhu 5 dqg wkh iruzdug0
edfnzdug dojrulwkp lq Fkdswhu 61, Lq rwkhu zrugv/ wkh ydoxh ri wkh
rxwsxw phvvdjh/ zklfk lv 8 lq wklv fdvh/ vd|v wkdw wkh phvvdjh0sdvvlqj
kdv frxqwhg 8 dgglwlrqdo vroglhuv lq wkh judsk1 Sxwwlqj wklv wrjhwkhu
zlwk wkh lqlwldo phvvdjh ri 4 jlyhv wkh wrwdo qxpehu ri vroglhuv fruuhfwo|
dw 91

Wklv phvvdjh0sdvvlqj uxoh zrunv shuihfwo| zkhqhyhu wkh judsk frq0
wdlqv qr f|fohv +l1h1/ sdwkv wkdw ehjlq dqg hqg lq wkh vdph qrgh,/ dv
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Iljxuh 4171 Wkh rughu lq zklfk phvvdjhv duh sdvvhg lq wkh judsk

vkrzq lq Iljxuh 418/ doorzlqj iru wkh frpsxwdwlrq ri wkh wrwdo qxpehu
ri vroglhuv lq d glvwulexwhg pdqqhu1 Wkh vlwxdwlrq ri d vroglhu zlwk 6
qhljkerulqj vroglhuv lv looxvwudwhg lq pruh ghwdlo lq Iljxuh 419/ zkhuh wkh
vroglhu lv uhsuhvhqwhg e| d qrgh wkdw kdv 7 hgjhv +6 iru wkh qhljkeruv/
dqg 4 iru wkh vroglhu*v rzq frxqw,1 Wkhq wkh rxwsxw wr d qhljkerulqj
vroglhu lv htxdo wr wkh vxp ri wkh lqsxwv iurp wkh rwkhu wzr qhljkeruv
soxv 41

Rq wkh rwkhu kdqg/ wklv phwkrg ri vroglhu0frxqwlqj fdq idlo edgo| zkhq
wkhuh lv d f|foh lq wkh judsk1 Vxssrvh wkdw d jurxs ri vroglhuv vwdqgv
lq d flufoh/ dv vkrzq lq Iljxuh 41:1 Xvlqj wkh phvvdjh0sdvvlqj uxoh wr
frxqw wkh wrwdo qxpehu ri vroglhuv uhvxowv lq wkh qxpehuv lqfuhphqwlqj
wr lq�qlw|$

416 PHVVDJH0SDVVLQJ RQ JUDSKV

Wkh nh| lghd ri wkh phvvdjh0sdvvlqj dojrulwkp/ dv looxvwudwhg e| wkh
vroglhu0frxqwlqj h{dpsoh/ lv wr vroyh d sureohp xvlqj vlpsoh frpsxwd0
wlrq xqlwv wkdw h{fkdqjh phvvdjhv1 Zh jlyh d eulhi ghvfulswlrq ri d judsk
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Iljxuh 4181 Phvvdjh0sdvvlqj zrunv iru frxqwlqj vroglhuv lq d wuhh irupdwlrq
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Iljxuh 4191 D vroglhu zlwk wkuhh qhljkeruv

vwuxfwxuh +Iruqh|*v qrupdo judskv ^Iru34`, wkdw fdq eh xvhg wr shuirup
phvvdjh0sdvvlqj1 Dv vkrzq lq Iljxuh 41;/ wkh judsk lv dq xqgluhfwhg
judsk/ lq zklfk d yduldeoh lv dvvrfldwhg zlwk hdfk hgjh/ dqg hdfk qrgh
uhsuhvhqwv d orfdo frqvwudlqw rq wkh yduldeohv dvvrfldwhg zlwk wkh hgjhv
frqqhfwhg wr wkdw qrgh1 Phvvdjhv fruuhvsrqglqj wr wkh suredelolw| glv0
wulexwlrqv iru wkh yduldeoh duh sdvvhg lq erwk gluhfwlrqv dorqj doo hgjhv
ri wkh xqgluhfwhg judsk1
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Iljxuh 41:1 Phvvdjh0sdvvlqj idlov iru vroglhuv lq d flufoh irupdwlrq
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Iljxuh 41;1 Judsk frqvlvwlqj ri qrghv dqg hgjhv

Iru wkh judsk/ wkhuh pd| dovr eh hgjhv wkdw duh rqo| frqqhfwhg wr
rqh qrgh1 Wkhvh duh wkh h{whuqdo hgjhv +dovr nqrzq dv �kdoi0hgjhv�,
dv rssrvhg wr wkh lqwhuqdo hgjhv wkdw frqqhfw wzr qrghv1 Wkhvh h{0
whuqdo hgjhv duh xvhg iru sdvvlqj suredelolvwlf lqirupdwlrq lq dqg rxw
ri wklv vwuxfwxuh1 Vlqfh erwk wkh lqsxw dqg rxwsxw duh phvvdjh yhf0

43 VRIW LWHUDWLYH GHFRGLQJ

wruv fruuhvsrqglqj wr suredelolwlhv/ wklv ghfrglqj surfhvv lv riwhq fdoohg
�vriw0lq/ vriw0rxw� +VLVR,1 Wkh ryhudoo ghfrglqj v|vwhp frqvlvwv ri gli0
ihuhqw qrghv wkdw h{fkdqjh suredelolvwlf lqirupdwlrq1 Lq dgglwlrq/ lw lv
srvvleoh wr jurxs wkhvh qrghv dqg hgjhv lqwr prgxohv/ zklfk fdq eh frq0
qhfwhg wrjhwkhu wr irup odujhu ghfrglqj v|vwhpv1 Qrghv/ prgxohv dqg
wkh phvvdjh0sdvvlqj dojrulwkp duh glvfxvvhg lq ghwdlo lq Fkdswhu 51

51 GLJLWDO FRPPXQLFDWLRQV

Zh ghvfuleh d iudphzrun iru gljlwdo frppxqlfdwlrqv/ vwduwlqj �uvw
zlwk wkh fkdqqho dqg wkhq prylqj rq wr frglqj dqg prgxodwlrq1

514 FKDQQHO

Gljlwdo frppxqlfdwlrqv lv wkh duw ri jhwwlqj elwv uholdeo| iurp rqh
sodfh wr dqrwkhu +ru/ lq wkh fdvh ri gljlwdo vwrudjh/ iurp rqh wlph wr
dqrwkhu, dfurvv dq xquholdeoh fkdqqho1 Ohw wkh vhtxhqfh { uhsuhvhqw d
froohfwlrq ri vljqdov {�> wklv pd| eh d �qlwh eorfn { @ +{�> {2> ===> {� ,
ru d el0lq�qlwh vhtxhqfh { @ +===> {�3�> {�> {�n�> ===,1 Dv vkrzq lq Iljxuh
41</ wkh fkdqqho pd| lqwurgxfh qrlvh dqg glvwruwlrq wr wkh wudqvplw0
whg vhtxhqfh {/ zklfk lv uhfhlyhg dv wkh vhtxhqfh |1 Wkh jrdo ri wkh
fkdqqho ghwhfwru lv wr xvh wkh uhfhlyhg vhtxhqfh | dqg nqrzohgjh ri wkh
fkdqqho fkdudfwhulvwlfv wr surgxfh d uhsolfd e{ ri wkh ruljlqdo vhtxhqfh
{1 Pd{lpxp0olnholkrrg vhtxhqfh ghwhfwlrq +POVG, ^Iru:5` frqvlvwv ri
fkrrvlqj wkh vhtxhqfh wkdw pd{lpl}hv wkh suredelolw| wkdw wkh uhfhlyhg
yhfwru lv | li wkh wudqvplwwhg vhtxhqfh { zdv vhqw1

e{
�u @ dujpd{

%
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Lq rxu whuplqrorj|/ wkh whup �ghfrghu� lv xvhg jhqhulfdoo| wr ghvfuleh
dq| surfhvv wkdw lqyroyhv wkh uhfryhu| ri d gdwd vhtxhqfh wkdw kdv ehhq
�hqfrghg/� zkhuh hqfrglqj lv eurdgo| gh�qhg wr lqfoxgh wkh wudqvirupd0
wlrq lqwurgxfhg e| wkh fkdqqho1 Dv d uhvxow/ wkh whup �fkdqqho ghfrghu�
zloo eh xvhg lqwhufkdqjdeo| zlwk �fkdqqho ghwhfwru� wr ghvfuleh wkh prg0
xoh wkdw shuirupv frpsxwdwlrqv wr rewdlq lqirupdwlrq rq wudqvplwwhg
vhtxhqfh1

Vrph nh| h{dpsohv ri fkdqqhov duh wkh elqdu| v|pphwulf fkdqqho

+EVF,/ wkh elqdu| hudvxuh fkdqqho +EHF,/ dqg wkh dgglwlyh zklwh Jdxv0

vldq qrlvh +DZJQ, fkdqqho/ dv vkrzq lq Iljxuh 41431 Iru wkh EVF
dqg EHF/ wkh wudqvplwwhg vljqdov i{�j duh elqdu|/ dqg wkh uhfhlyhg vlj0
qdov i|�j duh glvfuhwh0ydoxhg dv zhoo1 Rq wkh rwkhu kdqg/ iru wkh DZJQ
fkdqqho/ wkh vljqdov duh uhdo0ydoxhg +ru frpsoh{0ydoxhg,/ dqg wkh uhfhlyhg
vljqdo |� lv jlyhq e|

|� @ {� . q�>



Fkdswhu 5

PHVVDJH0SDVVLQJ DOJRULWKP

H soxulexv xqxp +rxw ri pdq|/ rqh,

iurp wkh Juhdw Vhdo ri wkh Xqlwhg Vwdwhv ri Dphulfd

Wklv fkdswhu lqwurgxfhv d iudphzrun iru xqghuvwdqglqj suredelolv0
wlf ghfrglqj/ dqg dssolhv lw wr wkh ghfrglqj ri orz0ghqvlw| sdulw| fkhfn
+OGSF, frghv1 Vhfwlrq 41 vhwv xs wkh suholplqdulhv iru vriw lwhudwlyh gh0
frglqj1 Vhfwlrq 51 h{sodlqv wkh phvvdjh0sdvvlqj dojrulwkp xvlqj qrupdo
judskv1 Vhfwlrq 61 suhvhqwv vrph edvlf qrghv dqg prgxohv1 Vhfwlrq 71
lqwurgxfhv OSGF frghv dqg glvfxvvhv wkhlu ghfrglqj dojrulwkp1

41 SUHOLPLQDULHV

414 SUREDELOLWLHV

Wklv vhfwlrq uhylhzv vrph edvlf gh�qlwlrqv dqg frqfhswv lq suredelo0
lw|1 ^Ohr<7`

41414 EDVLF FRQFHSWV

Iru dq hyhqw H/ zh fdq dvvljq d suredelolw| S +H,/ zklfk lv d uhdo
qxpehu ehwzhhq 3 dqg 4/ lqfoxvlyh1 Lw lv xvhixo wr frqvlghu wklqn ri H dv
d vhw ri rxwfrphv/ vr wkdw S +H, lv wkh suredelolw| ri fkrrvlqj dq rxwfrph
iurp wkdw vhw1 Iru wkh qxoo vhw >/ dqg wkh vdpsoh vsdfh D frqvlvwlqj ri
doo rxwfrphv/ zh kdyh S +>, @ 3 dqg S +D, @ 41 Vxssrvh wkdw d vhw ri
hyhqwv iI&j/ iru n @ 4> 5> ===>N/ irupv d sduwlwlrq ri wkh frpsohwh vhw

ri hyhqwv/ vr wkdw wzr hyhqwv duh qrw vlpxowdqhrxvo| wuxh/ dqg wkh vhw

fryhuv wkh frpsohwh vsdfh ri hyhqwv1 Lq vhw qrwdwlrq/ I& _ I&� @ > li

n 9@ n�/ dqg
V

&
I& @ D/ zkhuh S +D, @ 41 Wkhq wkh wrwdo suredelolw| lv

56

57 VRIW LWHUDWLYH GHFRGLQJ

htxdo wr 41
g[

&'�

S +I&, @ 4= +514,

Iru wzr hyhqwv H dqg I / wkh mrlqw suredelolw| S +H>I, lv wkh sured0
elolw| wkdw erwk hyhqwv duh wuxh1 Lq vhw qrwdwlrq/ wklv fruuhvsrqgv wr wkh
suredelolw| ri fkrrvlqj dq rxwfrph iurp wkh lqwhuvhfwlrq H _ I 14 Iru
dq| hyhqw H/ wkh suredelolw| S +H, fdq eh ghfrpsrvhg dv wkh vxp ri
wkh mrlqw suredelolwlhv ri H dqg I& 1

S +H, @
g[

�'�

S +I& >H, = +515,

Wzr hyhqwv H dqg I duh vdlg wr eh lqghshqghqw h{dfwo| zkhq wkh
mrlqw suredelolw| idfwruv lqwr wkh surgxfw ri wkh lqglylgxdo suredelolwlhv=

S +H>I , @ S +H,S +I , +516,

Iru wzr hyhqwv H dqg I / wkh frqglwlrqdo suredelolw| S +I m H, lv wkh
suredelolw| wkdw dq hyhqw I lv wuxh jlyhq wkh hyhqw H lv wuxh/ zklfk fdq
eh h{suhvvhg dv iroorzv/

S +I m H, @
S +H>I ,

S +H,
+517,

iru S +H, A 31 Lq wkh fdvh wkdw wkh hyhqwv H dqg I duh lqghshqghqw/ lw
fdq eh vhhq iurp +516, dqg +517, wkdw

S +I m H, @ S +I , +li H>I lqghshqghqw,/ +518,

vr wkdw frqglwlrqlqj grhv qrw fkdqjh wkh suredelolw| li wkh hyhqwv duh
lqghshqghqw1 Dsso|lqj wkh frqglwlrqdo suredelolw| h{suhvvlrq rqfh djdlq
wr wkh qxphudwru ri +517, |lhogv Ed|hv* wkhruhp +dovr nqrzq dv Ed|hv*
uxoh,=

S +I m H, @
S +H m I ,S +I,

S +H,
+519,

Lq dgglwlrq/ iru suredelolwlhv frqglwlrqhg rq wzr hyhqwv/ d vlplodu uh0
vxow dv +517, krogv/

S +H>J m I , @ S +H m I>J,S +J m I, > +51:,

4Wklv mrlqw suredelolw| vdwlvlihv wkh iroorzlqj xsshu dqg orzhu erxqgv=
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zkhuh wkh hohphqwv ri wkh doskdehw duh
�
d�> d2> ===> d���

�
dqg � uhsuhvhqwv

wkh srlqwzlvh pxowlsolfdwlrq ri wkh wzr yhfwruv1
Wr uhfds/ wkh whupv �lqwulqvlf/� �h{wulqvlf/� dqg �srvwhulru� ghvfuleh

suredelolwlhv iru d yduldeoh lq uhodwlrq wr dq hyhqw1 +Lq wkh frxuvh ri
wkh ghfrglqj dojrulwkp/ wkh hvwlpdwhg suredelolwlhv pd| gl�hu iurp wkh
wuxh suredelolwlhv/ vr wkdw lw pd| eh pruh dffxudwh wr xvh whupv vxfk
dv svhxgr0lqwulqvlf/ svhxgr0h{wulqvlf dqg svhxgr0srvwhulru wr lqglfdwh
wkdw wkhvh duh qrw wkh h{dfw ydoxhv1 Iru frqyhqlhqfh/ krzhyhu/ zh zloo
frqwlqxh wr xvh wkh whupv lqvwulqvlf/ h{wulqvlf dqg srvwhulru/ zlwk wkh
xqghuvwdqglqj wkdw wkhvh pd| uhsuhvhqw zrunlqj hvwlpdwhv1, Iru fodulw|/
wkh lqwulqvlf/ h{wulqvlf ru srvwhulru suredelolwlhv iru { vkrxog eh odehohg
�zlwk uhvshfw wr H� +zklfk fdq eh deeuhyldwhg dv �z1u1w1 H�,/ dqg
ghqrwhg e| S �?|

.
+{ @ d,/ S i |

.
+{ @ d,/ dqg S

TLt|

.
+{ @ d,1 Wklv h{solflw

uhihuhqfh wr wkh hyhqw H pd| eh rplwwhg zkhq lw lv xqghuvwrrg iurp
frqwh{w1

41417 ELQDU\ YDULDEOHV

Iru wkh fdvh ri elqdu| yduldeohv/ zklfk wdnh rq ydoxhv iurp d elqdu|
doskdehw D @ i3> 4j/ wkhuh duh vhyhudo htxlydohqw uhsuhvhqwdwlrqv ri wkh
suredelolw|=

41 Wkh suredelolw| s @ S +{ @ 4,/ zklfk olhv lq wkh udqjh ^3> 4`1

51 Wkh suredelolw| yhfwru
�$
S +{,/ zklfk frqvlvwv ri wzr suredelolwlhv wkdw

vxp wr 41
�$
S +{, @

�
S +{ @ 3,
S +{ @ 4,

�
@

�
4� s

s

�

61 Wkh orj0olnholkrrg udwlr/

OOU+s, @ orj
S +{ @ 4,

S +{ @ 3,
@ orj

s

4� s
>

zklfk lv d uhdo qxpehu17

71 Wkh vriw elw "+s, @ 5s� 4/ zklfk olhv lq wkh udqjh ^�4> 4`1

E| frqyhqwlrq/ wkh orj0olnholkrrg udwlr xvhv wkh qdwxudo orjdulwkp1
Wkh uhodwlrqvkls ehwzhhq wkh vriw elw +uhi1 ^KRS<9`, dqg wkh orj0olnholkrrg

7 Lw lv srvvleoh wr fkrrvh wkh rssrvlwh frqyhqwlrq *L}
� E%'f�
� E%'��

iru wkh gh�qlwlrq ri wkh orj0

olnholkrrg udwlr/ zklfk wxuqv rxw wr jlyh vlpsohu h{suhvvlrqv lq wkh ghfrglqj ri orz0ghqvlw|

sdulw|0fkhfn frghv1 Zh vwlfn zlwk wkh frqyhqwlrq *L}
� E%'��
� E%'f�

vr wkdw d srvlwlyh OOU fruuh0

vsrqgv wr % ' �1

63 VRIW LWHUDWLYH GHFRGLQJ

udwlr fdq wkhq eh h{suhvvhg xvlqj wkh k|shuerolf wdqjhqw ixqfwlrq

"+s, @ 5s� 4 @ wdqk

�
4

5
OOU+s,

�
> +5146,

zkhuh wdqk+{, @ e
%
3e
3%

e%ne3%
1 Iru d elqdu| yduldeoh/ wkh orj0olnholkrrg udwlrv

fruuhvsrqglqj wr wkh lqwulqvlf dqg h{wulqvlf suredelolwlhv vxp wr jlyh wkh
OOU iru wkh srvwhulru suredelolw|/

OOUTLt|

.
+{, @ OOU�?|

.
+{, . OOUi |

.
+{, > +5147,

zkhuh wkh vxevfulsw H lqglfdwhv wkdw lw lv zlwk uhvshfw wr dq hyhqw H1
Wklv fdq eh ghulyhg iurp +5145,/ zklfk jlyhv

S
TLt|

.
+{ @ 4, @

sh

sh . +4� s, +4� h,
>

zkhuh s @ S �?|
.

+{ @ 4,/ dqg h @ S i |
.

+{ @ 4,1 Lq wklv orj0olnholkrrg uhs0
uhvhqwdwlrq/ lw fdq fohduo| eh vhhq wkdw wkh h{wulqvlf lqirupdwlrq uh hfwv
wkh lqfuhphqwdo jdlq lq nqrzohgjh ri wkh srvwhulru ryhu wkh lqwulqvlf
lqirupdwlrq1 Qrwh wkdw li wkh srvwhulru dqg lqwulqvlf suredelolwlhv duh
htxdo/ wkhq OOUi |

.
+{, @ 31

415 QRUPDO JUDSK

D qrupdo judsk J lv dq xqgluhfwhg judsk/ frqvlvwlqj ri qrghv dqg
hgjhv/ dv lqwurgxfhg e| Iruqh| lq ^Iru34`1 Hdfk qrgh fdq eh frqqhfwhg
wr dq| qxpehu ri hgjhv/ dqg wkh hgjhv duh frqqhfwhg wr rqh ru wzr
qrghv1 Wkh suhvhqfh ri hgjhv wkdw duh frqqhfwhg wr rqo| rqh qrgh lv
d vshfldo surshuw| ri qrupdo judskv1 Dq hgjh frqqhfwhg wr wzr qrghv
lv dq lqwhuqdo hgjh/ zkloh dq hgjh frqqhfwhg wr rqo| rqh qrgh lv dq
h{whuqdo hgjh1 +Wkhvh h{whuqdo hgjhv duh dovr nqrzq dv �kdoi0hgjhv/�
�ohdi0hgjhv� ru �grqjohv1�, Wr hdfk hgjh lv dvvrfldwhg d yduldeoh {�

wkdw wdnhv ydoxhv ryhu d �qlwh/ glvfuhwh doskdehw ghqrwhg e| D%�
1 Zkhq

uhihuulqj wr wkh frpelqdwlrq ri wkh hgjh dqg lwv dvvrfldwhg yduldeoh/ zh
xvh wkh frpsrxqg whup �hgjh0yduldeoh1� Wkh yduldeohv dvvrfldwhg zlwk
wkh h{whuqdo hgjhv duh nqrzq dv wkh �v|pero yduldeohv/� dqg uhsuhvhqw
wkh frxsolqj ri wkh v|vwhp zlwk lwv hqylurqphqw/ zkloh wkh lqwhuqdo hgjh0
yduldeohv duh nqrzq dv wkh �vwdwh yduldeohv/� vlqfh wkh| uhsuhvhqw lqwhuqdo
vwdwhv ri wkh v|vwhp1

Wr hdfk qrgh Q lv dvvrfldwhg d orfdo frqvwudlqw / h{suhvvlqj d uhodwlrq0
vkls dprqjvw wkh yduldeohv rq wkh hgjhv frqqhfwhg wr wkdw qrgh1 Dv
vkrzq lq wkh wrs sduw ri Iljxuh 514/ iru d vlqjoh qrgh Q lq d judsk J/
zklfk kdv N . 4 hgjhv wkdw duh dvvrfldwhg zlwk wkh yduldeohv {f> {�>111/
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Dvvrfldwlrq Sxusrvh

H{whuqdo hgjh V|pero yduldeoh Lqsxw2Rxwsxw
Lqwhuqdo hgjh Vwdwh yduldeoh Phvvdjh0sdvvlqj
Qrgh Orfdo frqvwudlqw Frpsxwdwlrq

Wdeoh 5141 Frpsrqhqwv ri d qrupdo judsk

N

R

( )0xRL→µ

( )0xLR→µ

0x

1x

2x

L

0x

210 AAASN ××⊂

external edge

constraint set

internal edge

message vector

node

edge-variable

Iljxuh 5141 H{dpsohv ri qrupdo judskv

{g / wkh vhw ri doo frpelqdwlrqv ri wkhvh yduldeohv wkdw vdwlvi| wkh orfdo

frqvwudlqw lv glfwdwhg e| wkh frqvwudlqw vhw V� 1

V� � D%f �D%� � � � � �D%g

Wklv frqvwudlqw vhw lv d vxevhw ri wkh gluhfw surgxfw ri wkh fruuhvsrqglqj

doskdehwv iru hdfk ri wkh yduldeohv1 Wkh uroh ri wkh hgjhv dqg qrghv lq

d qrupdo judsk lv vxppdul}hg lq wkh Wdeoh 5141

Lw zloo eh vhhq lq Vhfwlrq 514 wkdw dq h{wulqvlf suredelolw| S i |

�
+{f, iru

wkh hgjh0yduldeoh {f fdq eh fdofxodwhg dw qrgh Q edvhg rq wkh lqwulqvlf

suredelolwlhv S �?|

�
+{�, iru wkh rwkhu hgjh0yduldeohv frqqhfwhg wr qrgh Q
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dv iroorzv/

S i |
� +{f @ �f, @ f�

fS +Q m {f @ �f,

@ f�

f

[

1�c12c���c1&
E1fc1�c12 c���c1g�M7�

g\

�'�

S �?|
� +{� @ ��,

zkhuh f�f lv d qrupdol}dwlrq frqvwdqw/ dqg wkh vxppdwlrq lv ryhu doo
frpelqdwlrqv ri wkh yduldeohv ��> �2> ===> �& +zkhuh �� 5 D�, vxfk wkdw wkh
frq�jxudwlrqv +�f> ��> �2> ===> �g, vdwlv�hv wkh frqvwudlqw vhw V� 1

Dorqj hdfk hgjh ri wkh judsk duh sdvvhg phvvdjh yhfwruv lq erwk
gluhfwlrqv1 Iru dq hgjh0yduldeoh {f ehwzhhq qrghv O dqg U/ wkh phvvdjh
yhfwru jrlqj iurp O wr U lv ghqrwhg e| �$� u<- +{f,/ zkloh wkh phvvdjh
yhfwru iurp U wr O lv ghqrwhg e| �$� -<u +{f,/ dv vkrzq lq wkh judsk lq
erwwrp sduw ri Iljxuh 5141 +Lq wkh fdvh ri d elqdu| yduldeoh { 5 i3> 4j/
lw lv srvvleoh wr uhsuhvhqw wklv phvvdjh e| d orj0olnholkrrg udwlr/ zklfk
fdq eh ghqrwhg e| OOUu<- +{,1, Lw zloo eh ghprqvwudwhg lq Vhfwlrq
515 wkdw wklv h{wulqvlf suredelolw| zlwk uhvshfw wr qrgh O iru wkh hgjh0
yduldeoh {f lv wkh fruuhfw txdqwlw| wr xvh iru wkh lqwulqvlf suredelolw|
iru {f zlwk uhvshfw wr qrgh U1 Wkhq wkh dssursuldwh gh�qlwlrq ri wkh
phvvdjh yhfwruv duh

�$� u<- +{f, @
�$
S i |

u +{f, @
�$
S �?|

- +{f,
�$� -<u +{f, @

�$
S i |

- +{f, @
�$
S �?|

u +{f, >

vr wkdw wkh phvvdjh yhfwru �$� u<- +{f, lv xvhg wr fduu| wkh h{wulqvlf
suredelolw| rxwsxw iurp qrgh O wr eh xvhg dv wkh lqwulqvlf suredelolw| lq
qrgh U1 Vlploduo|/ wkh phvvdjh yhfwru �$� -<u +{f, sdvvhv wkh h{wulqvlf
suredelolw| iurp qrgh U wr eh xvhg dv wkh lqwulqvlf suredelolw| iru qrgh
O1

E| uhshdwhg frpsxwdwlrqv dw wkh qrghv/ dqg sdvvlqj phvvdjh yhfwruv
dorqj wkh hgjhv/ wklv phvvdjh0sdvvlqj dojrulwkp +PSD, |lhogv sured0
elolwlhv wkdw uh hfw wkh orfdo frqvwudlqwv dqg wkh vwuxfwxuh ri wkh hqwluh
judsk1 Wklv dojrulwkp jlyhv d zd| wr vroyh gl!fxow sureohpv li wkh| fdq
eh uhsuhvhqwhg e| d judsk ri uhodwlyho| vlpsoh orfdo frqvwudlqwv1 Ghfrghuv
edvhg rq wklv dssurdfk duh dovr nqrzq dv DSS +d srvwhulrul suredelolw|,
ghfrghuv/ vlqfh wkh �qdo uhvxow lv riwhq d srvwhulru suredelolw|1 ^Jdo95`1
+Wkhvh ghfrghuv duh dovr nqrzq lq wkh olwhudwxuh dv PDS +pd{lpxp d

srvwhulrul, ghfrghuv/ zklfk fdq eh d plvqrphu vlqfh pd{lpl}dwlrq grhv
qrw dozd|v wdnh sodfh lq wkh ghfrglqj surfhvv,1
Wkh suhgrplqdqw irupxodwlrq ri wklv dojrulwkp lq wkh olwhudwxuh kdv

ehhq wkh vxp0surgxfw dojrulwkp +VSD, iru idfwru judskv +uhi1 Nvfklv0
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fkdqj hw do1 ^NIO34` dqg Zlehuj ^Zle<:`,1 Idfwru judskv duh d jhq0
hudol}dwlrq ri Wdqqhu judskv ^Wdq;4`/ dqg frqvlvw ri d elsduwlwh judsk
ehwzhhq wzr w|shv ri qrghv/ ixqfwlrq qrghv dqg yduldeoh qrghv1 +Vrph
ri wkh yduldeoh qrghv duh nqrzq dv vwdwh qrghv,1 Lq frpsdulvrq/ qrupdo
judskv kdyh rqo| rqh w|sh ri qrgh +vlplodu wr wkh ixqfwlrq qrgh,/ dqg
yduldeohv duh dvvrfldwhg wr wkh hgjhv1 Lw lv vkrzq lq ^Iru34` wkdw zlwk
wkh surshu wudqvirupdwlrqv/ d idfwru judsk fdq eh uhsuhvhqwhg e| d qru0
pdo judsk zlwk hvvhqwldoo| wkh vdph ghfrglqj frpsoh{lw|/ vr wkdw wkh
irfxv rq qrupdo judskv grhv qrw ohvvhq wkh jhqhudolw| ru h!flhqf| ri wkh
dojrulwkp18

Wkh vxp0surgxfw dojrulwkp lv dovr nqrzq dv wkh �wzr0zd|� dojrulwkp
+WZD, ^Iru<:`1 Wkh frqqhfwlrq wr eholhi sursdjdwlrq +ES, iru Ed|hvldq
qhwzrunv ^Shd;;` zdv irxqg lq PfHolhfh hw do1 ^PPF<;`1 Dqrwkhu iru0
pxodwlrq xvlqj wkh jhqhudol}hg glvwulexwlyh odz +JGO, iru ixqfwlrqv lv
jlyhq e| Dml dqg PfHolhfh ^DP33`1

51 PHVVDJH0SDVVLQJ RQ JUDSKV

Wkh edvlf sulqflsoh ri wkh phvvdjh0sdvvlqj dojrulwkp lv wr euhdn xs d
frpsxwdwlrqdoo| gl!fxow sureohp lqwr d pxowlwxgh ri hdvlhu vxesureohpv1
Lw rshudwhv e| lwhudwlyho| sdvvlqj suredelolvwlf phvvdjhv lq d judsk/ dqg
fdq eh xvhg wr hydoxdwh h{wulqvlf dqg srvwhulru suredelolwlhv edvhg rq
lqwulqvlf suredelolwlhv dqg wkh vwuxfwxuh ri wkh judsk1

Lq wklv vhfwlrq/ zh frqvlghu phvvdjh0sdvvlqj rq judskv e| vwxg|lqj wkh
vlwxdwlrqv ri rqh qrgh/ wzr qrghv dqg pdq| qrghv19 Iru d vlqjoh qrgh/
wkh h{wulqvlf suredelolw| iru dq hgjh0yduldeoh lv edvhg rq wkh lqwulqvlf
suredelolwlhv rq doo wkh rwkhu hgjh0yduldeohv1 Iru wzr qrghv frqqhfwhg e|
dq hgjh/ lw lv vkrzq wkdw wkh h{wulqvlf suredelolw| iurp rqh qrgh vhuyhv dv
wkh lqwulqvlf suredelolw| iru wkh rwkhu1 Wkhvh uhvxowv duh wkhq jhqhudol}hg
iru wkh fdvh ri pdq| qrghv/ dqg wkh phvvdjh0sdvvlqj dojrulwkp lv ghulyhg1

514 RQH QRGH

Frqvlghu d vlqjoh qrgh Q / zlwk N . 4 hgjhv/ dv vkrzq lq Iljxuh 5151
Wkh hgjhv duh dvvrfldwhg zlwk wkh yduldeohv {f> {�>111/ {g / zklfk eh0
orqj wr wkh doskdehwv Df>D�> ===>Dg / uhvshfwlyho|1 Vxssrvh wkdw lqwulq0
vlf suredelolwlhv zlwk uhvshfw wr qrgh Q duh dydlodeoh iru wkh yduldeohv
{f> {�> ===> {g 1 Uhfdoo wkdw iru hdfk yduldeoh {�/ wkh lqwulqvlf suredelo0

8Qrupdo judskv fdq eh uhsuhvhqwhg e| idfwru judskv e| lqvhuwlqj d yduldeoh qrgh lqwr hyhu|

hgjh ri wkh qrupdo judsk1 Rq wkh rwkhu kdqg/ wr frqyhuw d idfwru judsk lqwr d qrupdo judsk/

vlpso| uhsodfh lwv yduldeoh qrghv zlwk dq htxdolw| qrgh/ dv gh�qhg lq Vhfwlrq 6141
9Olqjxlvwv uhsruw wkdw wkhuh h{lvw odqjxdjhv zkhuh wkh frqfhsw ri qxpehuv lv olplwhg wr rqh/

wzr/ dqg pdq|1

67 VRIW LWHUDWLYH GHFRGLQJ

lw| S �?|
�

+{�, ghqrwhv d suredelolw| yhfwru ri ohqjwk mD�m/ zlwk rqh hqwu|
S �?|
�

+{� @ ��, iru hdfk srvvleoh ydoxh �� 5 D�1 Lq dgglwlrq/ lw lv dvvxphg
wkdw wkh yduldeohv duh lqghshqghqw/ vr wkdw wkh mrlqw lqwulqvlf suredelolw|

S �?|
�
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idfwruv lqwr wkh surgxfw ri wkh lqglylgxdo lqwulqvlf

suredelolwlhv
T
g

�'f S
�?|
�

+{� @ ��,1
Wkh srvwhulru suredelolw| lv d frqglwlrqdo suredelolw| S +{f @ �f m Q,

wkdw fdq eh zulwwhq xvlqj Ed|hv* wkhruhp +5143, dv

TLt|ih�Lh} �� ~
S +{f @ �f m Q, @

4

S +Q,

surs1 wr h{wulqvlf} �� ~
S +Q m {f @ �f,

�?|h�?t�U} �� ~
S +{f @ �f,= +5148,

Wkh lqwulqvlf suredelolw| lv

S �?|
�

+{f @ �f, @ S +{f @ �f, >

zkloh wkh h{wulqvlf suredelolw| lv sursruwlrqdo wr S +Q m {f @ �f,/ dv lq

S i |
�

+{f @ �f, @ f�

%f
S +Q m {f @ �f, 1

Wkh srvwhulru suredelolw| lv jlyhq e|

S
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+{f @ �f, @ S +{f @ �f m Q, 1
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h{wulqvlf suredelolwlhv z1u1w1 wkh judsk J=
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�
iru l� @ 4> 5> ===>N �

Wkhq lw lv qrw qhfhvvdu| wr xvh +5164, wr hydoxdwh wkh h{wulqvlf suredelolw|/
exw lqvwhdg frpsxwdwlrqv fdq eh pdgh dw erwk qrghv1 Iru wkh fdvh ri
elqdu| yduldeohv/ wklv hqwdlov wzr vxppdwlrqv ri xs wr 5g dqg 5g

�

whupv/
iru qrghv O dqg U/ uhvshfwlyho|/ udwkhu wkdq rqh vxppdwlrq ryhu 5gng�

whupv zkhq frqvlghulqj wkh hqwluh judsk1 Euhdnlqj xs wkh frpsxwdwlrq
lq wklv zd| fdq wkxv uhgxfh wkh frpsoh{lw|1

Jlyhq wkh dvvljqphqwv lq +5174,/ zh fdq gh�qh phvvdjhv �u<- +{f,
dqg �-<u +{f, ehwzhhq wkh qrghv/ dv vkrzq lq Iljxuh 5161 Wkh qrwdwlrq
�u<- +{f, lqglfdwhv wkdw lw lv d phvvdjh iurp qrgh O wr qrgh U dorqj
wkh hgjh dvvrfldwhg zlwk wkh yduldeoh {f1 +Lq dqdorj| wr wkh suredelolw|
S +{f,/ wkh qrwdwlrq �u<- +{f, uhsuhvhqwv d ydoxh �u<- +{f @ �f, iru
vrph lpsolflw ydoxh �f/ xvlqj wkh vlpsol�hg qrwdwlrq lq Vhfwlrq 514161,
Wkh phvvdjhv fduu| wkh h{wulqvlf suredelolw| iurp rqh qrgh wr eh xvhg
dv wkh lqwulqvlf suredelolw| dw wkh rwkhu qrgh1

�u<- +{f, @ S i |
u +{f, @ S �?|

- +{f,

�-<u +{f, @ S i |
- +{f, @ S �?|

u +{f,

Lq vkruw/ wkh h{wulqvlf suredelolw| iru rqh qrgh jlyhv wkh lqwulqvlf sure0

delolw| iru wkh rwkhu qrgh/ dqg wkh phvvdjhv �u<- +{f, dqg �-<u +{f,
vhuyh wr sdvv wkhvh suredelolwlhv ehwzhhq wkh wzr qrghv1 Wkh edvlf lghd
lv wr xvh wkh frpsxwdwlrq edvhg rq wkh orfdo frqvwudlqwv dw wkh qrghv
dv vxeurxwlqhv lq wkh pdlq surjudp iru �qglqj wkh h{wulqvlf suredelo0
lwlhv z1u1w1 J1 Wkh uhodwlrqvkls ri wkh ydulrxv lqwulqvlf dqg h{wulqvlf
suredelolwlhv lv dovr vkrzq lq Iljxuh 5171

Phvvdjh0sdvvlqj iru wzr qrghv

Vwhs 31 Lqlwldol}h
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Lw vkrxog eh phqwlrqhg wkdw dqrwkhu frqvhtxhqfh ri wkh dvvljqphqwv
lq +5174, lv wkdw wkh srvwhulru suredelolw| h{suhvvlrqv iru {f ehfrph
frqvlvwhqw1 Lq rwkhu zrugv/ wkh srvwhulru suredelolw| z1u1w1 wkh judsk J
lv htxdo wr wkh srvwhulru suredelolw| z1u1w1 wkh qrgh O dqg z1u1w1 wkh
qrgh U= Xvlqj Ed|hv* wkhruhp dqg +5165,/ zh kdyh
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+{f, @ S +{f m O>U,
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S +{f,

S +O>U,
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S +O m {f,S +U m {f, =

Vlqfh S +{f, @ S �?|
:

+{f, @
�

��f �
/ dqg S +O m {f, dqg S +U m {f, duh sur0

sruwlrqdo wr wkhlu uhvshfwlyh h{wulqvlf suredelolwlhv/ zh kdyh

S
TLt|

: +{f, @ f%fS
i |
u +{f,S

i |
- +{f, = +5175,

Rq wkh rwkhu kdqg/ iurp wkh edvlf uhodwlrqvkls ri lqwulqvlf/ h{wulqvlf dqg
srvwhulru suredelolwlhv lq +5145,/ zh kdyh

S
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u
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Zlwk wkh dvvljqphqw ri S �?|

u +{f, @ S i |

- +{f, dqg S �?|

- +{f, @ S i |

u +{f, lq
+5174,/ wkhvh wkuhh h{suhvvlrqv +5175,/ +5176, dqg +5177, iru wkh srvwhulru
suredelolw| ehfrph lghqwlfdo1 Wklv revhuydwlrq ohqgv dgglwlrqdo fuhghqfh
wr wkh fkrlfh ri wkh dvvljqphqwv lq +5174,1

516 PDQ\ QRGHV

Wklv h{dpsoh ri wzr qrghv frqqhfwhg e| d vlqjoh hgjh fdq eh jhqhu0
dol}hg wr d judsk ri pdq| qrghv/ nqrzq dv d prgxoh1

51614 RQH PRGXOH

D prgxoh frqvlvwv ri dq duelwudu| qrupdo judsk J/ dv gh�qhg lq Vhf0
wlrq 4151 Wkh vhw ri qrghv Q: lv frpsrvhg ri qrghv Q� iru m @ 4> ===> mQ: m/
zkloh wkh vhw ri hgjhv H: kdyh dvvrfldwhg yduldeohv {� iru l @ 4> ===> mH: m/
zkhuh wkh yduldeoh {� ehorqjv wr vrph doskdehw D�1 Dq h{dpsoh zlwk
mQ: m @ ; dqg mH: m @ 44 lv vkrzq lq Iljxuh 5181 Hdfk qrgh Q� lv frq0
qhfwhg wr vrph vxevhw ri wkh hgjhv/ dqg hgjhv fdq eh frqqhfwhg wr rqh
ru wzr +glvwlqfw, qrghv1 Dq hgjh frqqhfwhg wr wzr qrghv lv dq lqwhuqdo

hgjh/ zkloh dq hgjh frqqhfwhg wr rqo| rqh qrgh lv dq h{whuqdo hgjh ri wkh
prgxoh1 Wkh h{whuqdo hgjhv ri wkh prgxoh duh xvhg iru sdvvlqj lqwulqvlf
suredelolwlhv S �?|

:
+{�, lqwr wkh prgxoh1 Rq wkh rwkhu kdqg/ wkh lqwulqvlf

suredelolwlhv z1u1w1 J iru wkh lqwhuqdo hgjhv duh vhw e| ghidxow wr xqlirup
glvwulexwlrqv S �?|

:
+{�� @ d, @ �

��
��

� iru doo d 5 D�� 1 Lq d vhqvh/ wkh prgxoh

fdq eh ylhz dv d elj qrgh zkrvh hgjhv duh jlyhq e| wkh h{whuqdo hgjhv
ri wkh prgxoh1

Uhfdoo wkdw hdfk qrgh kdv d orfdo frqvwudlqw/ zklfk vhohfwv d vxevhw ri
wkh srvvleoh frq�jxudwlrqv ri wkh qhljkerulqj hgjh0yduldeohv1 Dv iru wkh
frqvwudlqw vhw iru wkh prgxoh/ d frq�jxudwlrq ri ydoxhv iru hgjh0yduldeohv
lq H: lv frqvlghuhg ydolg iru wkh hqwluh judsk J li wkh frq�jxudwlrq dovr
vdwlv�hv doo ri wkh orfdo frqvwudlqwv dw wkh qrghv lq Q: 1 Ohw H��

uhsuhvhqw
wkh vhw ri qhljkerulqj hgjhv iru wkh qrgh Q� lq wkh judsk1 Wkhq wkh
frqvwudlqw vhw V��

gh�qhv d vxevhw ri ydolg frq�jxudwlrqv rxw ri wkh
gluhfw surgxfw ri wkh doskdehwv D� iru {� 5 H��

1 Lq rwkhu zrugv/ wkh vhw
V: lv frpsrvhg ri frq�jxudwlrqv

�
��> ===> ��.: �

�
5 D� � � � � �D�.: �

vxfk wkdw iru hdfk qrghv Q� +iru m @ 4> 5> ===> mQ: m,/ wkh vxevhw ri wkh frq0
�jxudwlrq fruuhvsrqglqj wr H��

vdwlv�hv wkh frqvwudlqw vhw V��
1 Khqfh/

wkh orfdo frqvwudlqwv ri wkh qrghv frpelqh wr gh�qh dq ryhudoo frqvwudlqw
rq wkh hgjh0yduldeohv1

Xvlqj wklv frqvwudlqw vhw V: / lw ehfrphv srvvleoh wr fdofxodwh wkh h{0
wulqvlf +dqg srvwhulru, suredelolwlhv iru doo wkh h{whuqdo hgjh0yduldeohv
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Iljxuh 5181 Dq h{dpsoh ri d prgxoh

edvhg rq wkh lqwulqvlf suredelolwlhv1 Zlwk wklv gh�qlwlrq ri wkh frq0

vwudlqw vhw V: / zh fdq frpsxwh wkh h{wulqvlf suredelolw| dv

S
i |

: +{�, @ f
�
%�

[
�
%�c���c%�.: �

�
M7:

;t%��

�.: �\

,'�

, �'�

S lqw

: +{,, > +5178,

zkhuh f�%� lv wkh dssursuldwh frqvwdqw1 +Iru wkh srvwhulru suredelolw|/ zh

qhhg wr pxowlso| e| S �?|

: +{�, dqg qrupdol}h djdlq1, Lq jhqhudo/ zkhq
wkhuh duh pdq| qrghv dqg hgjhv lq wkh judsk J/ wklv h{suhvvlrq fdq eh
txlwh frpsolfdwhg wr hydoxdwh1

51615 WZR PRGXOHV

Lq wkh fdvh wkdw wkh judsk J fdq eh glylghg lqwr wzr vxejudskv vkdulqj
d vlqjoh frpprq hgjh {f/ lw lv srvvleoh wr glylgh wkh sureohp lq +5178,
lqwr wzr vxesureohpv/ dqg sdvv phvvdjhv ehwzhhq wkhp1 Odeho wkh wzr
vxejudskv e| O dqgU/ iru ohiw dqg uljkw/ uhvshfwlyho|/ dv vkrzq lq Iljxuh
5191 Wkh vhw ri qrghv Q: lv wkh glvmrlqw xqlrq ri wkh vhwv Qn dqg Q,1
Phdqzkloh/ wkh vhw ri hgjhv H: lv wkh xqlrq ri Hn dqg H,/ zkhuh wkh
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Iljxuh 5191 Wzr prgxohv

lqwhuvhfwlrq frqvlvwv ri d vlqjoh hgjh {f1

Qn ^Q, @ Q:

Qn _Q, @ >

Hn ^H, @ H:

Hn _H, @ i{fj

Lw lv frqyhqlhqw wr uhqdph wkh hgjh0yduldeohv lq H: edvhg rq wkh vxe0
judsk wkdw wkh| ehorqj wr1 Lq dgglwlrq wr wkh frpprq hgjh {f/ ohw
wkh prgxoh O frqwdlq wkh hgjh0yduldeohv {n

�
> ===> {n

g
/ dqg wkh prgxoh

U frqwdlq wkh hgjh0yduldeohv {,
�
> ===> {,

g� / vr wkdw mHnm @ N . 4 dqg
mH,m @ N� . 41 Qrwh wkdw li zh fxw wkh judsk dw wkh hgjh {f/ wkhq wkh
judsk ehfrphv ghfrpsrvhg lqwr wzr prgxohv/ dqg wkh lqwhuqdo hgjh {f
ehfrphv wzr h{whuqdo hgjhv +dovr nqrzq dv kdoi0hgjhv,1 Lq Iljxuh 51:/
wkh prgxoh J iurp Iljxuh 518 lv glylghg lqwr wzr prgxohv O dqgU/ zlwk
mQnm @ 8/ mHnm @ ;/ mQ,m @ 6/ dqg mH,m @ 71

Zlwk wkhvh gh�qlwlrqv ri wkh prgxohv/ zh fdq ghulyh vlplodu h{suhv0
vlrqv dv +516<, dqg +5173, li zh uhsodfh O dqg U e| wkhlu fdooljudsklf
htxlydohqwv O dqg U1 Iurp wklv zh frqfoxgh wkdw dv lq wkh wzr0qrgh vlw0
xdwlrq/ vhwwlqj S �?|

, +{f, wr S +O m {f, lv wkh dssursuldwh fkrlfh wr pdnh
wkh h{wulqvlf suredelolwlhv z1u1w1 U htxdo wr wkh h{wulqvlf suredelolwlhv
z1u1w1 wkh zkroh judsk J1 Khqfh/ wklv vxjjhvwv wkh iroorzlqj vhw ri
dvvljqphqwv/

S �?|

,

�
{,
�

�
# S �?|

:

�
{,
�

�

S �?|

n

�
{n
�

�
# S �?|

:

�
{n
�

�

S �?|

, +{f,# S i |

n +{f, +5179,

S �?|

n +{f,# S i |

, +{f,



Phvvdjh0sdvvlqj dojrulwkp 84

N1

N3

N4

N2 N5

/

N6

N8

N7

5

0x

Iljxuh 51:1 Wzr prgxohv vkdulqj dq hgjh

zkhuh wkh h{wulqvlf suredelolw| S i |

n
+{f, lv vlpso| wkh qrupdol}hg yhuvlrq

ri S +O m {f,1
Lq rwkhu zrugv/ wr ohyhudjh wkh frpsxwdwlrqv edvhg rq prgxoh O dqg

prgxoh U iru wkh frpelqhg judsk J/ zh vkrxog sdvv wkh iroorzlqj phv0
vdjhv ehwzhhq wkh wzr prgxohv/ lq h{dfw dqdorj| wr wkh fdvh ri wzr
qrghv=

�n<, +{f, @ S i |

n +{f, @ S �?|

, +{f,

�,<n +{f, @ S i |

, +{f, @ S �?|

n +{f, =

Wkh h{wulqvlf suredelolw| iru {f iurpprgxoh O jlyhv wkh sulru suredelolw|
iru prgxoh U/ dqg wkh h{wulqvlf suredelolw| iru prgxoh U jlyhv wkh
lqwulqvlf suredelolw| iru prgxoh O1 Lq vkruw/ iru d vlqjoh hgjh frqqhfwlqj
wzr prgxohv/ wkh h{wulqvlf suredelolw| iurp rqh prgxoh jlyhv wkh lqwulqvlf

suredelolw| iru wkh rwkhu prgxoh1
Jhqhudoo| vshdnlqj/ dq| phvvdjh dorqj dq hgjh lv h{wulqvlf lqirupd0

wlrq iurp wkh qrgh +ru prgxoh, zkhqfh lw fdph/ dqg lqwulqvlf lqirupdwlrq
iru wkh qrgh +ru prgxoh, wr zklfk lw jrhv1 E| shuiruplqj frpsxwd0
wlrqv vhsdudwho| iru wkh prgxohv O dqg U/ dqg wkhq sdvvlqj phvvdjhv
�n<, +{f, dqg �,<n +{f,/ lw lv srvvleoh wr vroyh wkh odujhu sureohp ri
frpsxwlqj wkh ryhudoo h{wulqvlf suredelolwlhv iru wkh frpelqhg judsk J1
Wkh uhodwlrq ri wkh ydulrxv phvvdjhv duh vkrzq lq Iljxuh 51;/ +zklfk
lv wkh vdph dv Iljxuh 517/ h{fhsw wkdw wkh qrgh kdv ehhq uhsodfhg e|
d prgxoh,1 Wkh surfhgxuh iru wzr prgxohv lv h{dfwo| dq uhsolfd ri wkh
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Iljxuh 51;1 Phvvdjh0sdvvlqj ehwzhhq wzr prgxohv

surfhgxuh iru wzr qrghv/ vr wkdw wkh �surjudp� lq Vhfwlrq 51517 iru wzr

qrghv O dqg U fdq eh iroorzhg h{dfwo| iru wkh wzr prgxohv O dqg U1

517 PHVVDJH0SDVVLQJ DOJRULWKP

D f|foh lv d zdon dorqj wkh hgjhv ri d judsk wkdw ehjlqv dqg hqgv dw
wkh vdph qrgh/ zlwkrxw wudyhuvlqj dq| hgjh pruh wkdq rqfh1 D judsk
zlwkrxw f|fohv lv d wuhh +ru lv frpsrvhg ri pxowlsoh wuhhv,1 Zh �uvw
frqvlghu wkh phvvdjh0sdvvlqj dojrulwkp iru judskv zlwkrxw f|fohv/ dqg
wkhq wdon derxw lwv dssolfdwlrq wr judskv zlwk f|fohv1

51714 JUDSKV ZLWKRXW F\FOHV

Iru d f|foh0iuhh judsk/ d fxw dw dq| hgjh glylghv wkh judsk lqwr wzr
glvfrqqhfwhg vxejudskv1 Iurp wklv revhuydwlrq/ zh fdq xvh wkh uhvxowv lq
wkh suhylrxv vhfwlrqv wr ghulyh wkh phvvdjh0sdvvlqj dojrulwkp1 Vwduwlqj
zlwk d judsk J/ zh slfn dq duelwudu| lqwhuqdo hgjh {�/ zklfk glylghv wkh
judsk lqwr wzr prgxohv O dqg U1 Wkhq wkh h{wulqvlf suredelolwlhv fdq
eh fdofxodwhg iru wkh judsk J e| frpsxwlqj wkhp iru prgxohv O dqg U
dqg sdvvlqj wkh dssursuldwh phvvdjhv dorqj wkh hgjh {�=
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ydoxhv iru wkhvh yduldeohv/ zkhuh

eV � D� �D2 � � � � �Dm e.m1

Ohw S �?| +{�, eh wkh lqwulqvlf suredelolw| iru {�/ dqg vxssrvh wkdw wkh

yduldeohv duh lqghshqghqw vr wkdw wkh mrlqw suredelolw| idfwruv lqwr wkh

surgxfw ri wkh lqglylgxdo suredelolwlhv1 Wkhq wkh srvwhulru suredelolw|

wdnlqj lqwr dffrxqw wklv frqvwudlqw eV wxuqv rxw eh htxdo wr wkh vxp ri

wkh surgxfw ri lqwulqvlf suredelolwlhv1

S
TLt| +{�, @ f�
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�
%�c���c%� e.�
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Me7

;t%��
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S lqw +{,, > +517;,

Wkh vxppdwlrq lv ryhu doo frq�jxudwlrqv ri ydoxhv lq wkh vhw eV1
Wklv iudphzrun fdq eh xvhg wr ghvfuleh pdq| ghfrglqj sureohpv/

zkhuh wkh jrdo lv wr frpsxwh d srvwhulru suredelolw| edvhg rq lqwulqvlf
suredelolwlhv/ dv gh�qhg e| +517;,1 Lq wkh fdvh ri huuru0frqwuro frghv

+HFFv,/ wkh yduldeohv lq eH uhsuhvhqw wkh frghzrug v|perov/ wkh lqwulqvlf

suredelolwlhv duh ghulyhg iurp wkh uhfhlyhg vljqdo/ wkh vhw eV uhsuhvhqwv
wkh vhw ri ydolg frghzrugv/ dqg wkh srvwhulru suredelolwlhv uhsuhvhqw wkh
ghfrghu rxwsxw/ zklfk fdq eh xvhg wr pdnh elw ghflvlrqv1

Dv wklv h{suhvvlrq +517;, fdq riwhq eh frpsolfdwhg wr hydoxdwh/ wkh
lghd lv wr lqwurgxfh d judsk J wr h{suhvv wkh uhodwlrqvklsv h{suhvvhg
e| wkh frqvwudlqw vhw eV rq wkh yduldeohv lq eH lq rughu wr vlpsoli| wkh
frpsxwdwlrq1 Wkh judsk J lv fkrvhq vr wkdw lwv h{whuqdo hgjh0yduldeohv
fruuhvsrqg h{dfwo| wr wkh yduldeohv lq eH/ nqrzq dv �v|pero yduldeohv1�
Lq dgglwlrq/ wkh judsk lqfoxghv d vhw ri qrghv ghvfulelqj orfdo frqvwudlqwv/
dv zhoo dv lqwhuqdo hgjh0yduldeohv/ nqrzq dv �vwdwh yduldeohv1�

Edvhg rq wklv vhw ri lqwhuqdo dqg h{whuqdo hgjh0yduldeohv H: dqg wkh
vhw ri qrghv Q: / lw lv srvvleoh wr gh�qh dq ryhudoo frqvwudlqw vhw V: /

zklfk vkrxog pdwfk wkh ruljlqdo frqvwudlqw vhw eV zkhq uhvwulfwhg wr wkh
h{whuqdo hgjh0yduldeohv1 +Dfwxdoo|/ wkh judsk J lv riwhq fkrvhq �uvw/ dqg

wkhq wkh vhw eV ri ydolg frghzrugv lv gh�qhg iurp wkh frqvwudlqw vhw V: e|
orrnlqj dw wkh h{whuqdo hgjh0yduldeohv1, Zlwk wkh judsk uhsuhvhqwdwlrq
J/ wkh vroxwlrq ri +517;, fdq wkhq eh irxqg e| dsso|lqj wkh phvvdjh0
sdvvlqj dojrulwkp1

61 QRGHV DQG PRGXOHV

Kdylqj vhw xs wkh iudphzrun iru vriw lwhudwlyh ghfrglqj/ zh glvfxvv wzr
edvlf w|shv ri qrghv/ wkh htxdolw| qrgh dqg wkh sdulw|0fkhfn qrgh/ zklfk
irup wkh edvlf exloglqj eorfnv iru orz0ghqvlw| sdulw| fkhfn +OGSF,

8; VRIW LWHUDWLYH GHFRGLQJ

frghv1 Qrghv duh wkhq rujdql}hg lqwr prgxohv/ dqg vrph nh| h{dpsohv
duh lqwurgxfhg1

614 HTXDOLW\ QRGH

Lq wkh htxdolw| qrgh / slfwxuhg lq Iljxuh 5143/ wkh frqvwudlqw vshfl�hv
wkh yduldeohv wr eh htxdo1 +Lq wkh fdvh ri elqdu| OGSF frghv/ wkh htxdolw|
qrgh lv dovr nqrzq dv d �elw qrgh/� vlqfh lw fruuhvsrqgv wr d vlqjoh elw1,
Vxssrvh wkdw wkh qrgh Q lv frqqhfwhg wr N . 4 hgjhv/ zlwk dvvrfldwhg
yduldeohv {f> {�> ===> {g wkdw ehorqj wr wkh vdph doskdehw D1 Wkhq wkh
frqvwudlqw vhw iru wklv qrgh lv

V� @ i+{f> {�> ===> {g, m {f @ {� @ � � � @ {gj >

dqg frqwdlqv mDm hohphqwv1 Vxssrvh wkdw wkh lqsxw phvvdjh yhfwruv duh
�f�<�

+{�, iru l @ 3> 4> ===> N1 Zlwkrxw orvv ri jhqhudolw|/ ohw xv frqvlghu
wkh rxwsxw dorqj wkh hgjh0yduldeoh {f1 Wkh xsgdwh htxdwlrq iroorzv iurp
+517:,/

��<ff
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zkhuh f%f lv wkh qrupdol}dwlrq idfwru/ zklfk lv htxdo wr

f%f @
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Wkh vxppdwlrq lv ryhu doo hohphqwv ri wkh doskdehw D iru {f1 Wkh vxp ri
surgxfwv uhgxfhv wr d surgxfw ri wkh lqwulqvlf suredelolwlhv fruuhvsrqglqj
wr wkh vdph ydoxh1 Wklv htxdwlrq +517<, fdq eh dssolhg vlploduo| wr
frpsxwh wkh rxwsxw dorqj dq| hgjh0yduldeoh {�/ edvhg rq wkh lqsxwv
dorqj wkh uhpdlqlqj hgjh0yduldeohv {, iru 3 � o � N/ dqg o 9@ l1
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Iljxuh 51431 Phvvdjh0sdvvlqj dw dq htxdolw| qrgh

Lq wkh fdvh ri d elqdu| doskdehw D/ zh fdq uhzulwh +517<, xvlqj wkh
orj0olnholkrrg udwlr +OOU,1

OOU�<ff
+{f, @ orj

��<ff
+{f @ 4,

��<ff
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@ orj
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Iru dq htxdolw| qrgh/ wkh rxwjrlqj phvvdjh dorqj rqh hgjh lv wkh vxp
ri wkh lqfrplqj phvvdjhv dorqj doo ri wkh rwkhu hgjhv lq whupv ri orj0
olnholkrrg udwlrv1 +Revhuyh wkh vlplodulw| ri htxdwlrq +5183, wr wkh h{0
dpsoh ri vroglhu0frxqwlqj jlyhq lq Fkdswhu 4/ zkhuh wkh rxwsxw phvvdjh
lv d vxp ri wkh lqfrplqj phvvdjhv1,

Wkh lqsxw dqg rxwsxw iru dq htxdolw| qrgh duh vxppdul}hg e| htxd0
wlrq +517<, iru suredelolwlhv dqg +5183, iru orj0olnholkrrg udwlrv1 Ohw xv
frqvlghu vrph h{dpsohv xvlqj elqdu| yduldeohv/ zklfk duh ghslfwhg lq
Iljxuh 5144=

Htxdolw| qrgh zlwk wzr hgjhv1 Frqvlghu dq htxdolw| qrgh Q rq
wzr elqdu| yduldeohv/ {�/ {21 Wklv fruuhvsrqgv wr d uhshwlwlrq frgh/
zkhuh wkh frqvwudlqw vhw V @ i+3> 3, > +4> 4,j1 Vxssrvh wkdw wkh lqsxwv
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Iljxuh 51441 Htxdolw| qrghv zlwk wzr dqg wkuhh hgjhv

wr wkh qrghv duh ghqrwhg e|

�$�f�<� +{�, @

�
4� s�
s�

�

�$�f2<�
+{2, @

�
4� s2
s2

�
>

uhsuhvhqwlqj lqwulqvlf suredelolwlhv zlwk uhvshfw wr wkh qrgh Q 1 Wkhq
iroorzlqj +517<,/ wkh rxwsxwv iurp wkh qrgh duh jlyhq e|

��<f�
+{�, @ �f2<�

+{2,

��<f2
+{2, @ �f�<� +{�, =

Wkh srvwhulru suredelolw| iru {� lv wkhq jlyhq dv iroorzv/

�$
S TLt| +{�, @ f � +�$� �<f�

+{�,�
�$� f�<�

+{�,,

@ f

�
+4� s�, +4� s2,

s�s2

�
/ +5184,

zkhuh wkh qrupdol}dwlrq frqvwdqw lv jlyhq e|

+f,3� @ s�s2 . +4� s�, +4� s2, =

Dq lghqwlfdo h{suhvvlrq wr +5184, krogv iru wkh srvwhulru suredelolw|
iru {21
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Htxdolw| qrgh zlwk wkuhh hgjhv1 Qh{w/ frqvlghu dq htxdolw| qrgh
Q zlwk wkuhh elqdu| yduldeohv/ {f/ {�/ dqg {21 Vxssrvh wkh lqwulqvlf
suredelolwlhv rq {� dqg {2 duh jlyhq e| s� dqg s2/ uhvshfwlyho|1 Wkhq
wkh rxwsxw h{wulqvlf suredelolw| yhfwru zlwk uhvshfw wr Q lv jlyhq e|

�$

S i | +{f, @ f

�
+4� s�, +4� s2,

s�s2

�
>

zklfk lv wkh vdph dv wkh srvwhulru suredelolw| iru wkh fdvh ri dq
htxdolw| qrgh zlwk wzr hgjhv lq +5184,1 Lq whupv ri orj0olnholkrrg
udwlrv/ zh kdyh

OOU�<ff
+{f, @ OOUf�<�

+{�, . OOUf2<�
+{2,

orj
s�s2

+4� s�, +4� s2,
@ orj

�
s�

4� s�

�
. orj

�
s2

4� s2

�
=

615 SDULW\0FKHFN QRGH

Lq d sdulw|0fkhfn qrgh +ru �fkhfn qrgh�,/ wkh orfdo frqvwudlqw vshfl�hv
wkdw wkh yduldeohv vxp wr 31 Frqvlghu d sdulw|0fkhfn qrgh Q zkhuh wkh
qhljkerulqj hgjhv kdyh dvvrfldwhg yduldeohv {f> {�> ===> {g wkdw ehorqj wr
wkh vdph doskdehw D/ dv vkrzq lq Iljxuh 51451 Vxssrvh wkdw wkh doskdehw
D lv dq dgglwlyh jurxs xqghu wkh rshudwlrq �1 Wkhq wkh frqvwudlqw vhw
V� lv pdgh xs ri doo frq�jxudwlrqv wkdw vdwlvi| dq dgglwlyh frqvwudlqw1

V� @ i+{f> {�> ===> {g, m {f � {� � � � � � {g @ 3j

Wkh xsgdwh htxdwlrq iru {f lv jlyhq e| +517:,/

��<ff
+{f, @ f%�

[

E%f c%�c���c%g�M7�
;t%f�

g\

,'�

�f,<� +{,, > +5185,

zklfk lqyroyhv d vxppdwlrq ri doo frq�jxudwlrqv lq V� wkdw duh frqvlv0
whqw zlwk dq lpsolhg ydoxh ri {f @ �f> iroorzlqj wkh vlpsol�hg qrwdwlrq1

Lq wkh fdvh ri elqdu| yduldeohv/ wkh doskdehw lv D @ ]2/ wkh dgglwlyh
jurxs ri wzr hohphqwv1 Iru d sdulw|0fkhfn qrgh/ wkh frqvwudlqw vhw V�
frqvlvwv ri 5g frq�jxudwlrqv iru wkh N.4 yduldeohv/ vlqfh wkh frqvwudlqw
holplqdwhv h{dfwo| kdoi ri wkh srvvleoh frq�jxudwlrqv1 Wkhq lq +5185,/ wkh
vxppdwlrq lv ryhu doo hohphqwv ri V� wkdw duh frqvlvwhqw zlwk d �{hg
ydoxh iru {�1 Wklv vxppdwlrq ryhu 5g3� hohphqwv dsshduv frpsolfdwhg/
exw iruwxqdwho|/ lw wxuqv rxw wkdw wkhuh duh zd|v wr vlpsoli| wklv frpsx0
wdwlrq1
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Iljxuh 51451 Phvvdjh0sdvvlqj dw d sdulw|0fkhfn qrgh

Zlwk uhvshfw wr wkh sdulw| fkhfn qrgh Q / wkh lqsxw phvvdjhv fruuh0
vsrqg wr wkh lqwulqvlf suredelolwlhv s� @ S �?| +{� @ 4,1

�f�<�
+{� @ 3, @ 4� s�

�f�<�
+{� @ 4, @ s�

Wkh rxwsxw phvvdjh dorqj hgjh0yduldeoh {f vkrxog eh wkh h{wulqvlf sure0
delolw| zlwk uhvshfw wr Q 1 Wklv lv jlyhq e| wkh iroorzlqj suredelolwlhv=

��<ff
+{f @ 3, @ S +{� � � � � � {g @ 3,

��<ff
+{f @ 4, @ S +{� � � � � � {g @ 4,

Wr hydoxdwh wkhvh h{suhvvlrqv/ zh �uvw frqvlghu wkh fdvh ri wkuhh hgjhv
+vr N @ 5,1 Lq wklv fdvh/ {� � {2 htxdov 3 h{dfwo| zkhq erwk yduldeohv
kdyh wkh vdph ydoxh/ vr wkdw

��<ff
+{f @ 3, @ S +{� � {2 @ 3,

@ s�s2 . +4� s�, +4� s2, +5186,

dqg

��<ff
+{f @ 4, @ s� +4� s2, . +4� s�, s2>

dv vkrzq lq Iljxuh 51461
Wklv h{suhvvlrq +5186, fdq eh uhzulwwhq dv

5S +{� � {2 @ 3,� 4 @ +4� 5s�, +4� 5s2, > +5187,
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Iljxuh 51461 H{dpsoh ri d sdulw|0fkhfn qrgh

zklfk fdq eh jhqhudol}hg iru N A 5 dv iroorzv1 Jlyhq wkh iroorzlqj
gh�qlwlrqv/

Pg @ S +{� � {2 � � � � � {g @ 3,

Pg3� @ S +{� � {2 � � � � � {g3� @ 3,

sg @ S �?| +{g @ 4,

vxssrvh e| lqgxfwlrq wkdw wkh h{suhvvlrq +5187, lv wuxh iru wkh fdvh ri
N � 4 yduldeohv/ vr wkdw

5Pg3� � 4 @
g3�\

�'�

+4� 5s�, =

Wkhq wkh h{suhvvlrq {� � {2 � � � � � {g fdq eh rewdlqhg dv wkh vxp ri
{g dqg {� � {2� � � � � {g3�1 Iroorzlqj d fdofxodwlrq vlplodu wr +5186,/
zh rewdlq

Pg @ +4� sg,Pg3� . sg +4�Pg3�,

@ +4� 5sg,Pg3� . sg >

zklfk fdq eh uhzulwwhq dv

5Pg � 4 @ 5 +4� 5sg,Pg3� . 5sg � 4

@ +4� 5sg, +5Pg3� � 4, >

wkxv |lhoglqj wkh ghvluhg uhvxow/

5Pg � 4 @
g\

�'�

+4� 5s�, = +5188,
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E| wkh lqgxfwlrq k|srwkhvlv/ wklv h{suhvvlrq +5188, lv ydolg iru doo N � 41
Vroylqj iru Pg / zh rewdlq

Pg @
4 .
T
g

�'�
+4� 5s�,

5
>

vr wkdw wkh rxwsxw phvvdjhv fdq eh zulwwhq lq whupv ri wkh lqsxw phv0
vdjhv s� @ �f�<�

+{� @ 4, dv iroorzv/ jlylqj d vlpsol�fdwlrq ri wkh xs0
gdwh htxdwlrq +5185,1

��<ff
+{f @ 3, @

4 .
T
g

�'�
+4� 5s�,

5
+5189,

��<ff
+{f @ 4, @

4�
T
g

�'�
+4� 5s�,

5
+518:,

Wkhvh htxdwlrqv +5189, dqg +518:, fdq dovr eh irxqg xvlqj d Irxulhu
wudqvirup dssurdfk wkdw fdq eh jhqhudol}hg wr qrq0elqdu| doskdehwv/ dv
vkrzq lq Dsshqgl{ E1

Vlqfh wkh yduldeohv duh elqdu|/ wkh h{suhvvlrqv +5189, dqg +518:, fdq
eh frpelqhg xvlqj wkh orj0olnholkrrg udwlr +OOU,1

OOU�<ff
+{f, @ orj

��<ff
+{f @ 4,

��<ff
+{f @ 3,

@ orj
4�
T
g

�'�
+4� 5s�,

4 .
T
g

�'�
+4� 5s�,

+518;,

Wkh k|shuerolf wdqjhqw ixqfwlrq dqg lwv lqyhuvh/

wdqk
�{
5

�
@
h% � 4

h% . 4

5 wdqk3� +|, @ orj
4� |

4 . |
>

fdq eh dssolhg wr vlpsoli| wklv h{suhvvlrq1 Iluvw/ wkh uhodwlrq ri wkh vriw
elw dqg OOU +fi1 +5146,, jlyhv wkh iroorzlqj=

4� 5s� @ � wdqk

�
4

5
OOU+s�,

�
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Wkhq wkh rxwjrlqj phvvdjh iurp wklv fkhfn qrgh +518;, fdq eh fdvw
sxuho| lq whupv ri orj0olnholkrrg udwlrv/

OOU�<ff
+{f, @ orj

4� +�4,g
T
g

�'� wdqk
�
�
2OOU+s�,

�
4 . +�4,g

T
g

�'� wdqk
�
�
2OOU+s�,

�
@ +�4,g3� 5 wdqk3�

#
g\
�'�

wdqk

�
4

5
OOUf�<�

+{�,

�$
>

+518<,

zkhuh wkh idfw wkdw wkh lqyhuvh k|shuerolf wdqjhqw wdqk3� +�, lv dq rgg

ixqfwlrq lv xvhg wr pryh wkh vljq +�4,g3� rxwvlgh wkh ixqfwlrq1
Zh uhpdun wkdw li zh kdg gh�qhg wkh orj0olnholkrrg udwlr zlwk wkh

rssrvlwh frqyhqwlrq +l1h1 orj � E%'f�
� E%'��, dv lq ^Jdo96`/ wkhq wkh idfwru ri

+�4,g3� glvdsshduv lq +518<,1 Zh kdyh fkrvhq rxu OOU gh�qlwlrq lq
rughu wr kdyh d srvlwlyh OOU fruuhvsrqg wr { @ 4 dqg qhjdwlyh OOU wr
{ @ 31

616 PRGXOHV

Kdylqj gh�qhg vhyhudo qrghv/ zh fdq rujdql}h wkhp lqwr prgxohv1 Dv
zlwk qrghv/ hdfk prgxoh lv d �vriw0lq/ vriw0rxw� ghfrghu/ zkhuh iru hyhu|
h{whuqdo hgjh ri wkh prgxoh/ wkh lqsxw lv wkh lqwulqvlf suredelolw| dqg wkh
rxwsxw lv wkh h{wulqvlf suredelolw| zlwk uhvshfw wr wkh prgxoh1 Vlqfh wkh
prgxoh fdq eh xvhg d sduw ri d odujhu v|vwhp/ wkh prgxoh lv dovr nqrzq
dv d �judsk iudjphqw� lq ^Iru34`1 Lq rwkhu zrugv/ vlqfh wkh hqwluh v|vwhp
fdq eh uhsuhvhqwhg e| dq ryhudoo qrupdo judsk/ d prgxoh lv vlpso| d zd|
wr vshfli| d iudjphqw ri wkdw odujhu judsk wkdw uhsuhvhqwv d sduwlfxodu
ixqfwlrq1 Dv ghvfulehg lq Vhfwlrq 61614/ lw lv srvvleoh wr frqqhfw prgxohv
wrjhwkhu xvlqj pxowlsoh hgjhv1

Wklv xvh ri prgxohv frlqflghv yhu| qdwxudoo| zlwk wkh xvxdo eorfn gl0
djudp qrwdwlrq iru frppxqlfdwlrq v|vwhpv/ zkhuh wkh hgjhv ehwzhhq
eorfnv uhsuhvhqw d vwuhdp ri vljqdov ru elwv/ dv lq Fkdswhu 41 Wkhvh
eorfn gldjudpv fdq wkhq eh lqwhusuhwhg xvlqj wkh vriw lwhudwlyh ghfrg0
lqj iudphzrun/ zkhuh hdfk eorfn lv d prgxoh dqg vljqdov duh uhsodfhg
e| phvvdjhv fruuhvsrqglqj wr suredelolw| glvwulexwlrqv1 Zlwk wklv uhs0
uhvhqwdwlrq/ wkh eorfn gldjudpv iru wkh hqfrghu dqg ghfrghu duh riwhq
yhu| vlplodu/ dqg lq pdq| fdvhv duh lghqwlfdo�wkh rqo| gl�huhqfh lv wkdw
wkh hqfrghu vwduwv zlwk phvvdjhv fruuhvsrqglqj wr wkh nqrzq xvhu gdwd
dw rqh hqg ri wkh eorfn gldjudp/ zkloh ghfrghu vwduwv zlwk phvvdjhv
fruuhvsrqglqj wr d qrlv| uhfhlyhg vljqdo dw wkh rwkhu hqg ri wkh eorfn
gldjudp1
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Iljxuh 51471 Frqqhfwlqj wzr prgxohv/ lq zklfk wzr exqgohv ri h{whuqdo hgjhv frp0

elqh wr irup rqh exqgoh ri lqwhuqdo hgjhv1

61614 PXOWLSOH HGJHV EHWZHHQ PRGXOHV

Lw lv srvvleoh wr kdyh pxowlsoh hgjhv frqqhfwlqj wzr prgxohv/ dv vkrzq
lq Iljxuh 51471 D vhw ri sdudooho hgjhv lv uhihuuhg wr dv d exqgoh ri hgjhv1
Wkh wrs sduw ri wkh �jxuh vkrzv wzr prgxohv/ hdfk zlwk d exqgoh ri
h{whuqdo hgjhv1 Wkhvh fdq eh frpelqhg wr irup d vlqjoh exqgoh ri hgjhv/
dv vkrzq rq wkh erwwrp1 Lq wkh judsk frpsrvhg ri wkh frpelqdwlrq ri
wkhvh wzr prgxohv/ wkh wzr exqgohv ri h{whuqdo hgjhv kdyh qrz ehfrph
d vlqjoh exqgoh ri lqwhuqdo hgjhv1 Dv d qrwdwlrqdo frqyhqlhqfh/ zh fdq
dovr uhsuhvhqw wkh exqgoh e| d wklfn olqh/ dv vkrzq lq Iljxuh 51481 +Do0
whuqdwlyho|/ wkh exqgoh fdq eh uhsuhvhqwhg e| d olqh zlwk d vodvk wkurxjk
lw/ lq dffrugdqfh zlwk wkh qrwdwlrq iru zluhv lq d flufxlw gldjudp1,

Lw vkrxog eh qrwhg wkdw iru d exqgoh ri hgjhv/ wkh phvvdjh lv kdqgohg
vhsdudwho| iru hdfk hgjh lq wkh exqgoh1 Dv vkrzq lq Iljxuh 5149/ mxvw dv
iru d qrgh/ wkh rxwsxw dorqj hdfk hgjh ri d prgxoh lv d ixqfwlrq ri wkh
lqsxwv dorqj doo wkh rwkhu hgjhv/ lqfoxglqj wkh rwkhu hgjhv lq wkh vdph
exqgoh1 Vxssrvh wkdw wkh exqgoh frqvlvwv ri N hgjhv wkdw duh dvvrfldwhg
zlwk elqdu| yduldeohv {�/ {2/ 111/ {g +zkhuh wkh doskdehw lv D @ i3> 4j,1
Wkhq wkh exqgoh fduulhv d vhsdudwh phvvdjh yhfwru iru hgjh {�/ vr wkdw
wkh phvvdjh iru wkh exqgoh lv dfwxdoo| d froohfwlrq ri N vhsdudwh yhfwruv=

��
4� s�
s�

�
>

�
4� s2
s2

�
> ===>

�
4� sg
sg

��
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Iljxuh 51481 Frqqhfwlqj wzr prgxohv/ dv vkrzq xvlqj d wklfn olqh wr uhsuhvhqw wkh

d exqgoh ri hgjhv

Wkhuh lv 4 ghjuhh ri iuhhgrp lq hdfk hgjh dqg wkxv d wrwdo ri N ghjuhhv
ri iuhhgrp1 Qrwh wkdw xvlqj exqgohv ri hgjhv pdnhv lw olnho| wkdw wkh
judsk frqwdlqv f|fohv/ vr wkdw phwkrgv vkrxog eh xvhg +h1j1/ wkh shupxwhu
prgxoh lq Vhfwlrq 61616, wr lqfuhdvh wkh ohqjwk ri wkh f|fohv vr wkdw wkhlu
h�hfw lv plwljdwhg1

Rq wkh rwkhu kdqg/ dq dowhuqdwlyh lv wr wuhdw doo wkh elqdu| yduldeohv
lq wkh exqgoh dv d vlqjoh yduldeoh/ lq zklfk fdvh wkh mrlqw doskdehw zrxog
eh D�D�� � ��D @ i3> 4jg dqg wkh phvvdjh yhfwru zrxog eh ri ohqjwk
5g / kdylqj 5g�4 ghjuhhv ri iuhhgrp/ udwkhu wkdq N ghjuhhv ri iuhhgrp1
Wklv dssurdfk dyrlgv wkh lqwurgxfwlrq ri f|fohv lqwr wkh judsk/ exw iru
prvw ghfrglqj dssolfdwlrqv/ wklv ohyho ri ghwdlo lv h{fhvvlyh dqg xqzlhog|1

61615 HTXDOLW\ PRGXOH

Uhfdoo wkdw dq htxdolw| qrgh lv xvhg iru h{suhvvlqj dq htxdolw| uhodwlrq
ehwzhhq hgjh0yduldeohv1 Htxdolw| qrghv fdq eh frpelqhg wrjhwkhu lqwr
dq htxdolw| prgxoh wkdw vhuyhv wkh sxusrvh ri h{suhvvlqj dq htxdolw|
uhodwlrq ehwzhhq wkh fruuhvsrqglqj hgjhv ri pxowlsoh exqgohv1

Iru dq htxdolw| prgxoh zlwk wkuhh exqgohv ri hgjhv/ dv vkrzq lq Iljxuh
514:/ vxssrvh wkh lqsxw phvvdjhv iurp wkh ohiw dqg wrs duh

+�$� +{�, >
�$
� +{2, > ===>

�$
� +{g,,

9; VRIW LWHUDWLYH GHFRGLQJ

* *

Iljxuh 51491 Wkh rxwsxw rq dq hgjh ghshqgv rq wkh lqsxwv rq doo rwkhu hgjhv

dqg �
�$
�
�
{

�

�

�
>
�$
�
�
{

�

2

�
> ===>
�$
�
�
{

�

g

��
>

uhvshfwlyho|/ zkhuh hdfk �$� +{�, lv d phvvdjh yhfwru ri wkh irup

�$
� +{�, @

5
9997

� +{� @ d�,
� +{� @ d2,

111

�
�
{� @ d���

�

6
:::8

Doo hgjh0yduldeohv i{�j dqg i{�

�
j duh dvvxphg wr wkh vdph doskdehw D1

Wkhq wkh rxwsxw phvvdjh rq wkh uljkw lv jlyhq e| wkh iroorzlqj froohfwlrq
ri phvvdjh yhfwruv
�
f�
�$� +{�,�

�$�
�
{�

�

�
> f2
�$� +{2,�

�$�
�
{�

2

�
> ===> fg

�$� +{g,��$�
�
{�

g

��
>

zkhuh � uhsuhvhqwv wkh srlqwzlvh surgxfw ri wkh wzr phvvdjh yhfwruv/
dqg f� lv wkh qrupdol}dwlrq frqvwdqw vr wkdw hdfk ri wkh uhvxowlqj N

phvvdjh yhfwruv vxp wr 41

61616 SHUPXWHU PRGXOH

Wkh shupxwhu prgxoh lv riwhq fdoohg d udqgrp �lqwhuohdyhu� lq wxuer
frgh ghvljq1 Zkhq d exqgoh ri hgjhv h{lvwv ehwzhhq wzr prgxohv/ wkh
v|vwhp ghvljqhu qhhgv wr eh fduhixo qrw wr lqwurgxfh vkruw f|fohv lqwr
wkh ryhudoo judsk ri wkh wzr prgxohv1 Iru h{dpsoh/ gluhfwo| frqqhfwlqj
wzr prgxohv zkhuh wkhuh lv d uhodwlrq ehwzhhq dgmdfhqw hohphqwv +h1j1/
{� dqg {�n�, frxog ohdg wr vkruw f|fohv1 Dv d uhvxow/ vrph udqgrpl}dwlrq
ri wkh rughu pd| eh qhfhvvdu|/ zklfk fdq eh dffrpsolvkhg wkurxjk d
shupxwhu prgxoh/ dovr nqrzq dv dq �lqwhuohdyhu� lq wxuer frglqj1

Dv vkrzq lq Iljxuh 514:/ wkhuh duh wzr exqgohv ri hgjhv wr wklv prgxoh1
Wklv prgxoh wkhq shupxwhv wkh vhw ri phvvdjhv ehwzhhq wkh wzr exqgohv1
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gljlwdo flufxlw qrupdo judsk

jdwh qrgh +ixqfwlrq,
zluh hgjh +yduldeoh,
vljqdo phvvdjh yhfwru +suredelolwlhv,
lqwhjudwhg flufxlw +LF, prgxoh +judsk iudjphqw,

lqwhuqdo zluh lqwhuqdo hgjh
L2R lqwhuidfh h{whuqdo hgjh
gdwd exv exqgoh ri hgjhv
[RU jdwh sdulw|0fkhfn qrgh
uhjlvwhu htxdolw| qrgh

Wdeoh 5151 Dqdorj| ehwzhhq flufxlwv dqg qrupdo judskv

71 ORZ0GHQVLW\ SDULW\0FKHFN FRGHV

Kdylqj suhvhqwhg wkh iudphzrun ri qrupdo judskv dqg wkh phvvdjh0
sdvvlqj dojrulwkp/ lw lv vwudljkwiruzdug wr glvfxvv orz0ghqvlw| sdulw|0
fkhfn +OGSF, frghv dqg wkhlu ghfrglqj dojrulwkp1 OGSF frghv +dovr
nqrzq dv Jdoodjhu frghv, duh huuru0fruuhfwlqj frghv zlwk vsduvh sdulw|0
fkhfn pdwulfhv/ zklfk duh dphqdeoh wr ghfrglqj xvlqj wkh phvvdjh0
sdvvlqj dojrulwkp1 Wkh| zhuh lqwurgxfhg e| Jdoodjhu ^Jdo95`^Jdo96`
lq wkh hduo| 4<93*v/ uhylvlwhg e| Wdqqhu ^Wdq;4`/ dqg rqo| diwhu wkh dg0
yhqw ri wxuer frghv/ zhuh wkh| uhglvfryhuhg e| PdfNd| dqg Qhdo ^PQ<:`
^Pdf<<`/ dqg Vlsvhu dqg Vslhopdq ^VV<9`1

714 GHILQLWLRQ

D elqdu| orz0ghqvlw| sdulw| fkhfn +OGSF, frgh lv d elqdu| olqhdu
huuru0fruuhfwlqj frgh gh�qhg e| d vsduvh sdulw|0fkhfn pdwul{ K 1 Li wkh
sdulw|0fkhfn pdwul{ K kdv Q froxpqv dqg P urzv/ wkh frghzrugv frq0
vlvw ri vhtxhqfhv y ri Q elwv wkdw vdwlvi| d vhw ri P elqdu| sdulw| fkhfnv
gh�qhg e| wkh sdulw|0fkhfn htxdwlrq Ky @ 3/ dv vkrzq lq Iljxuh 514;1
Wkh qxpehu ri phvvdjh elwv lv N @ Q �P / dqg wkh udwh ri wkh frgh
lv g

�
/ dvvxplqj wkdw wkh pdwul{ lv ri ixoo udqn1 +Vhh Dsshqgl{ E iru wkh

h{whqvlrq ri wklv gh�qlwlrq wr qrq0elqdu| doskdehwv1,
D vwudljkwiruzdug phwkrg iru jhqhudwlqj wkh vhw ri ydolg frghzrugv lv

wr uhgxfh K wr v|vwhpdwlf irup Kr+r @ ^L� m S ` e| shuiruplqj elqdu|
Jdxvvldq holplqdwlrq dqg uhrughulqj wkh froxpqv dssursuldwho|1 +Lw zloo
eh dvvxphg wkdw K kdv ixoo udqn1 Li vrph urzv ri K duh olqhduo| gh0
shqghqw/ uhpryh wkh h{wud urzv/ dqg ohw P htxdo wkh uhvxowlqj qxpehu
ri lqghshqghqw urzv1, Iru K lq v|vwhpdwlf irup/ wkh v|vwhpdwlf elwv x
irup d vxevhw ri wkh frghzrug elwv y1 +Lq prvw fdvhv/ wkh v|vwhpdwlf
elwv duh xvhg dv wkh xvhu elwv1, D fruuhvsrqglqj jhqhudwru pdwul{ lv
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Iljxuh 514;1 Sdulw|0fkhfn pdwul{ dqg lwv dvvrfldwhg judsk

Jr+r @
�
�S

A m L�3�
�
1 Vlqfh wkh pdwul{ S lv olnho| wr eh xqlirupo|

ghqvh +zlwk kdoi 4*v dqg kdoi 3*v,/ wkh ghqvhqhvv ri S pdnhv hqfrglqj
xvlqj Jr+r yld pdwul{ pxowlsolfdwlrq kljk lq frpsoh{lw|1 Phwkrgv kdyh
ehhq irxqg iru juhdwo| uhgxflqj wkh frpsoh{lw| ri wkh hqfrglqj surfhvv
+uhi1 Ulfkdugvrq dqg Xuedqnh ^UX34e`,1 Xvlqj frghv wkdw kdyh vwuxf0
wxuh +dv lq Fkdswhu ;, lv dqrwkhu zd| wr uhgxfh wkh frpsoh{lw| ri wkh
hqfrglqj surfhvv1 Dqrwkhu dssurdfk xvhg e| Fkhqj ^Fkh<:` lv orz0
ghqvlw| jhqhudwru pdwul{ +OGJP, frghv/ lq zklfk K lv fkrvhq wr eh
erwk v|vwhpdwlf dqg vsduvh1 Wkhvh duh hdvlo| hqfrghg/ exw lq jhqhudo gr
qrw shuirup dv zhoo dv pdwulfhv wkdw duh qrw uhvwulfwhg wr eh v|vwhpdwlf1

Wkh judsk frqvlvwv ri �elw qrghv/� zklfk duh htxdolw| qrghv +iurp
Vhfwlrq 614, wkdw uhsuhvhqw wkh elwv ri wkh frghzrug/ dqg �fkhfn qrghv�
+iurp Vhfwlrq 615, wkdw h{suhvv wkh sdulw|0fkhfn uhodwlrqvklsv1 Wklv sdu0
lw| fkhfn pdwul{ K surylghv wkh vwuxfwxuh iru wkh ghfrglqj dojrulwkp1
Dv vkrzq lq Iljxuh 514;/ wkhuh lv dq hgjh lq wkh judsk frqqhfwlqj wkh elw
dqg fkhfn qrghv h{dfwo| zkhq wkhuh lv d �4� lq wkh sdulw| fkhfn pdwul{/
vr wkdw dq dvvrfldwlrq fdq eh pdgh ehwzhhq hgjh0yduldeohv dqg wkh qrq0
}hur hqwulhv ri wkh sdulw| fkhfn pdwul{1 Wkh hgjh0yduldeohv lq wkh vdph
urz ri wkh sdulw|0fkhfn pdwul{ K duh frqqhfwhg wr wkh vdph fkhfn qrgh/
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Iljxuh 514<1 Prgxoh0edvhg uhsuhvhqwdwlrq iru OGSF frgh

dqg vr vdwlvi| d sdulw|0fkhfn frqvwudlqw1 Phdqzkloh/ wkh hgjh0yduldeohv
lq wkh vdph froxpq ri wkh sdulw|0fkhfn pdwul{ K duh frqqhfwhg wr wkh
vdph elw qrgh/ dqg vr vdwlvi| dq htxdolw| frqvwudlqw1 Wkh judsk iru dq
OGSF frgh fdq dovr eh uhsuhvhqwhg xvlqj d shupxwhu prgxoh � wr gh0
vfuleh wkh frqqhfwlrqv ehwzhhq wkh elwv dqg fkhfnv/ dv vkrzq lq Iljxuh
514< +uhi1 ^Iru34`,1 Lq rwkhu zrugv/ wkh ghwdlov ri krz wkh hgjhv frqqhfw
wrjhwkhu duh devruehg e| wkh shupxwhu prgxoh1

Wklv judsk uhsuhvhqwdwlrq frpsohwho| ghvfulehv doo wkh uhodwlrqv ri
wkh frgh/ dqg fdq eh xvhg iru ghfrglqj xvlqj wkh phvvdjh0sdvvlqj dojr0
ulwkp1 Vwduwlqj zlwk wkh lqsxw frqvlvwlqj ri lqwulqvlf suredelolwlhv iru wkh
elwv/ wkh phvvdjh0sdvvlqj dojrulwkp xvhv wkh sdulw|0fkhfn uhodwlrqvklsv
dprqjvw wkh elwv wr lwhudwlyho| sdvv phvvdjhv ehwzhhq wkh elw qrghv dqg
fkhfn qrghv wr rewdlq h{wulqvlf suredelolwlhv iru wkh elwv1 Wkh lqwulqvlf
dqg h{wulqvlf suredelolwlhv fdq wkhq eh frpelqhg wr jlyh srvwhulru sure0
delolwlhv iru wkh frghzrug elwv wkdw lqfrusrudwh wkh nqrzohgjh jdlqhg
iurp wkh OGSF frgh1 Ghvslwh wkh idfw wkdw wkh judskv dvvrfldwhg wr
OGSF frghv pd| srvvhvv pdq| f|fohv/ iru udqgrpo| fkrvhq vsduvh pd0
wulfhv zlwk odujh eorfn ohqjwkv/ lw wxuqv wkh dojrulwkp frpsxwhv dffxudwh
hvwlpdwhv ri wkh h{wulqvlf dqg srvwhulru suredelolwlhv1 Vhh Ulfkdugvrq
dqg Xuedqnh ^UX34d` dqg Fkxqj hw do1 ^FUX34` iru dqdo|vhv ri wkh
fdsdflw| ri OGSF frghv1

Lq whupv ri wkh ghvljq ri orz0ghqvlw| sdulw|0fkhfn frghv/ lw zdv vkrzq
e| Jdoodjhu ^Jdo96` wkdw iru odujh eorfn ohqjwkv/ wkh plqlpxp glvwdqfh
ri wkh frgh jurzv olqhduo| zlwk eorfnohqjwk/ vr wkdw d udqgrpo| fkrvhq
OGSF frgh zloo kdyh odujh glvwdqfh zlwk kljk suredelolw|/ pdnlqj lw d

:7 VRIW LWHUDWLYH GHFRGLQJ

srzhuixo huuru0fruuhfwlqj frgh1 Khqfh/ wkh �uvw ghvljq sulqflsoh lv wr
xvh d yhu| orqj eorfn ohqjwk li srvvleoh/ vr wkdw zlwk kljk suredelolw|/
fkrrvlqj d udqgrp frgh zloo jlyh jrrg shuirupdqfh1 Qrwh wkdw wkhuh
fdq eh pdq| htxlydohqw sdulw|0fkhfn pdwulfhv iru wkh vdph frgh/ dqg lw
lv suhihudeoh wr xvh d sdulw| fkhfn pdwul{ zlwk orz ghqvlw| vr dv wr dyrlg
vkruw f|fohv lq wkh judsk +zklfk ylrodwh wkh lqghshqghqfh dvvxpswlrqv
ri wkh phvvdjh0sdvvlqj dojrulwkp,1 Lq sduwlfxodu/ f|fohv ri ohqjwk 7/ lq
zklfk wzr elwv duh erwk frqqhfwhg e| hgjhv wr wkh vdph wzr fkhfnv/
vkrxog hvshfldoo| eh dyrlghg1
Wkh fkrlfh ri wkh ghjuhhv ri wkhvh qrghv +fruuhvsrqglqj wr wkh qxpehu

ri rqhv lq d froxpq ru urz ri wkh sdulw| fkhfn pdwul{, ghwhuplqhv wkh
shuirupdqfh ri wkh OGSF ghfrghu1 Frghv zlwk wkh vdph ghjuhh dw hdfk
qrgh duh nqrzq dv �uhjxodu� OGSF frghv/ zlwk wkh rwkhuv nqrzq dv
�luuhjxodu1� Lw kdv ehhq irxqg wkdw zlwk fduhixo fkrlfh ri wkh glvwulexwlrq
ri ghjuhhv +uhi1 Ulfkdugvrq hw do1 ^UVX34` dqg Oxe| hw do1 ^OPVV34e`,
dqg vx!flhqwo| orqj eorfn ohqjwkv/ lw lv srvvleoh wr ghvljq luuhjxodu OGSF
frghv wkdw doorz iru huuru0iuhh wudqvplvvlrq dw udwhv wkdw duh h{wuhpho|
forvh wr wkh Vkdqqrq fdsdflw| ri wkh DZJQ fkdqqho/ shuiruplqj hyhq
ehwwhu wkdq wxuer frghv1
Zkloh lw kdv ehhq irxqg wkdw fhuwdlq luuhjxodu frqvwuxfwlrqv shuirup

ehwwhu wkdq rwkhuv/ iru rxu vlpxodwlrqv/ zh �qg lw frqyhqlhqw wr xvh
pdwulfhv wkdw duh froxpq0uhjxodu1 Wkhvh sdulw|0fkhfn pdwulfhv duh frq0
vwuxfwhg e| udqgrpo| vhohfwlqj wS orfdwlrqv lq hdfk froxpq dqg sxwwlqj
d 4 lq wkdw orfdwlrq/ dqg vshfldo fduh kdv ehhq wdnhq wr dyrlg f|fohv ri
ohqjwk 71
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SUREDELOLWLHV

Xvlqj wkh xsgdwh htxdwlrqv iru wkh elw qrghv +d1n1d1 htxdolw| qrghv,
dqg fkhfn qrghv +d1n1d1 sdulw|0fkhfn qrghv, jlyhq deryh/ zh fdq shuirup
ghfrglqj rq wkh judsk iru dq OGSF frgh/ dv vkrzq lq Iljxuh 51531 Iru
d sdulw|0fkhfn pdwul{ K ri vl}h P �Q / vxssrvh wkdw wkh elw qrghv duh
E� iru l @ 4> 5> ===> Q / dqg wkh fkhfn qrghv duh F� iru m @ 4> 5> ===>P 1 Li
dq hgjh h{lvwv ehwzhhq wkh qrghv E� dqg F� / wkhq wkdw hgjh lv odehohg
e| wkh yduldeoh h��1 Wkhvh duh wkh lqwhuqdo hgjhv ri wkh judsk iru wkh
OGSF frgh1 Lq dgglwlrq/ wkhuh lv dovr dq hgjh iru hdfk elw qrgh E�

wkdw lv dvvrfldwhg zlwk wkh yduldeoh y�1 Wkhvh hgjhv fruuhvsrqg wr wkh
h{whuqdo hgjhv ri wkh judsk iru wkh OGSF frgh1 Lq dgglwlrq/ lw zloo eh
frqyhqlhqw wr lqwurgxfh d qrgh Q� +zklfk ehorqjv wr vrph rwkhu ghfrghu
ru prgxoh, wkdw lv frqqhfwhg wr E� yld wkh hgjh0yduldeoh y�1 Zlwk wklv
qrgh Q�/ wkhq wkh lqwulqvlf suredelolw| z1u1w1 wkh OGSF ghfrghu fdq eh
ghqrwhg dv wkh phvvdjh ���<��

+y�, @ S �?|

w#��
+y�,1
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Iljxuh 51531 Judsk iru dq OGSF ghfrghu

Wkh phvvdjh0sdvvlqj dojrulwkp vwduwv zlwk d vhw ri lqfrplqj suredelo0
lwlhv ���<��

+y�, fruuhvsrqglqj wr S �?|

w#��
+y�,1 Dffruglqj wr +517<,/ wkh

phvvdjh iurp elw qrghv E� wr fkhfn qrghv F� lv jlyhq e| wkh h{suhvvlrqv/

���<��
+h�� @ 3, @ f�����<��

+y� @ 3,
\

� �
M�E��.t��

����<��
+h�� @ 3,

+5193,

���<��
+h�� @ 4, @ f�����<��

+y� @ 4,
\

� �M�E��.t��

����<��
+h�� @ 4,

+5194,

zkhuh P+l, lv wkh vhw ri sdulw| fkhfnv lq zklfk elw y� lv lqyroyhg1 Wklv
lv dovr wkh vhw ri urz orfdwlrqv lq wkh l0wk froxpq ri wkh sdulw| fkhfn
pdwul{ wkdw frqwdlq d 41 Wkh vhw P+l,q imj phdqv wkh vhw P+l, zlwk wkh
hohphqw m rplwwhg1 +Qrwh wkdw wkh qrupdol}dwlrq frqvwdqw f�� lv rswlrqdo
khuh vlqfh lw fdq eh uhvwruhg dw wkh hqg ri wkh ghfrglqj surfhgxuh1,
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Iljxuh 51541 Phvvdjh0sdvvlqj iurp elw qrgh wr fkhfn qrgh/ dqg ylfh yhuvd

Rq wkh rwkhu kdqg/ dffruglqj wr +5189, dqg +518:,/ wkh phvvdjhv iurp
fkhfn qrgh F� wr elw qrgh E� duh jlyhq e| wkh h{suhvvlrqv/
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3
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4
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4
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��MwE��.t��
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4� 5����<��

+{�� @ 4,
�
4
D +5196,

zkhuh O+m, lv wkh vhw ri elw qrghv frqqhfwhg wr wkh m0wk sdulw| fkhfn/ ru
wkh vhw ri froxpqv lq wkh m0wk urz wkdw frqwdlq d 41

Wkhvh wzr sdluv ri htxdwlrqv +5193/ 5194, dqg +5195/ 5196, ghvfuleh
wkh phvvdjh0sdvvlqj dojrulwkp iru wkh orz0ghqvlw| sdulw|0fkhfn frgh1
Wklv uhsuhvhqwdwlrq fdq eh uhodwhg wr wkh qrwdwlrq xvhg hovhzkhuh +h1j1/
^Pdf<<`, e| lqwurgxflqj wkh iroorzlqj yduldeohv=

sK� @ ���<��
+y� @ e,

tK�� @ ���<��
+h�� @ e,

uK�� @ ���<��
+h�� @ e,

iru e @ 3> 4/ dv vkrzq lq Iljxuh 51541 Wkhq wkh xsgdwh htxdwlrqv +5193,
dqg +5194, iru wkh phvvdjhv iurp elw qrgh E� wr wkh fkhfn qrgh F� pd|
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eh uhzulwwhq dv
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zkhuh f��� lv d qrupdol}dwlrq frqvwdqw1 Wkh xsgdwh htxdwlrqv +5195, dqg
+5196, iru wkh phvvdjh vhqw iurp fkhfn qrgh F� wr elw qrgh E� pd| eh
uhzulwwhq dv
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zkhuh �t�� @ tf�� � t��� @ 4 � 5t���1 Wkh ghfrglqj dojrulwkp vwduwv zlwk
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�
sf� > s

�
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�
/ dqg xqlirup glvwulexwlrqv iru u�� +l1h1/

uf�� @ u��� @
�
2,1 Wkhq wkh uhodwlrqv +5197, dqg +5198, |lhog wkh phvvdjhv t��

iurp elwv wr fkhfnv1 +Iru wkh �uvw lwhudwlrq/ wkh phvvdjhv duh tK�� @ sK� 1,
Wkh phvvdjhv t�� duh wkhq xvhg lq +5199, dqg +519:, wr fdofxodwh wkh
phvvdjhv u�� iurp fkhfnv wr elwv1

Wkhvh wzr vwhsv +xsgdwlqj t�� dqg xsgdwlqj u��, frpsulvh d vlqjoh
lwhudwlrq ri wkh phvvdjh sdvvlqj dojrulwkp1 Wkh h{wulqvlf suredelolw|
z1u1w1 wkh OGSF ghfrghu S i |

w#�� +y�, pd| eh irxqg e| frpsxwlqj wkh
rxwjrlqj phvvdjh iru hdfk elw qrgh y�/

���<��
+y� @ 3, @ f�� �

\

�M�E��

uf��

���<��
+y� @ 4, @ f�� �

\

�M�E��

u���>

zkhuh f�� lv d qrupdol}lqj frqvwdqw1 Ilqdoo|/ wkh hvwlpdwh ri wkh srvwhulru
suredelolw| fdq eh irxqg e| pxowlso|lqj wklv h{wulqvlf suredelolw| zlwk
wkh lqwulqvlf suredelolw| dv lq +5145,/
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+y� @ e,
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iru e @ 3> 41 Lq rwkhu zrugv/ wkh srvwhulru suredelolwlhv duh
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�
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\
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t�� @ f� � s�
\

�M�E��

u���>

zkhuh wkh frqvwdqw f� lv d qrupdol}dwlrq frqvwdqw1 Lw lv krshg wkdw diwhu d
qxpehu ri lwhudwlrqv ri wkh phvvdjh0sdvvlqj dojrulwkp/ wkhvh hvwlpdwhv
ri wkh srvwhulru suredelolwlhv

�
tf� > t

�
�

�
frqyhujh wr wkh dfwxdo srvwhulru

suredelolwlhv z1u1w1 wkh OGSF frgh1
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Vlqfh wkh yduldeohv duh elqdu|/ wkhvh frpsxwdwlrqv fdq dovr eh gh0
vfulehg lq whupv ri wkh orj0olnholkrrg udwlrv1 Wkh phvvdjh OOU+t��, iurp
d elw qrgh wr d fkhfn qrgh pd| eh irxqg xvlqj +5183,1

OOU+t��, @
[

� �M�E��.t��

OOU
�
u���

�
.OOU+s�, +519;,

Iroorzlqj +518<,/ wkh phvvdjh OOU+u��, iurp d fkhfn qrgh wr d elw qrgh
fdq eh zulwwhq dv
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3
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�
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5
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+519<,
+Djdlq/ li wkh rssrvlwh frqyhqwlrq zhuh fkrvhq iru wkh orj0olnholkrrg

udwlr/ wkhq wkh idfwru ri +�4,�wE��� frxog eh rplwwhg1, Wkh srvwhulru OOU
lv jlyhq e| vxpplqj ryhu doo wkh fkhfnv wkdw frqwdlq wkh l0wk elw1

TLt|ih�Lh} �� ~
OOU+t�, @

i |h�?t�U} �� ~[
��M�E��

OOU
�
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OOU+s�, +51:3,

Zlwk uhvshfw wr wkh OGSF ghfrghu/ wkh lqwulqvlf/ h{wulqvlf/ dqg srvwhulru
OOUv vdwlvi| wkh uhodwlrq +5147,1 Edvhg rq wklv srvwhulru suredelolw|
OOU+t�,/ elw ghflvlrqv fdq eh pdgh dqg d ghfrghg zrug ey fdq eh irxqg1
Li wklv zrug vdwlv�hv wkh sdulw|0fkhfn pdwul{ +KeyA @ 3,/ wkhq lw lv d
frghzrug/ jlylqj d qdwxudo vwrsslqj fulwhulrq/ zklfk uhgxfhv wkh dyhudjh
qxpehu ri lwhudwlrqv1

Wr uhgxfh wkh frpsoh{lw| iru kdugzduh lpsohphqwdwlrq/ lw lv ghvludeoh
wr wudqvirup wkh pxowlsolfdwlrqv lq htxdwlrq +519<, lqwr dgglwlrqv1 Iluvw/
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Vwhs 41 Elw0wr0fkhfn phvvdjhv1 Wkh phvvdjhv iurp elw qrghv wr
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dqg wkh hvwlpdwh ri wkh srvwhulru lqirupdwlrq OOUTLt| +y�, lv jlyhq e|
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iroorzlqj +51:3,1 Wklv lv xvhg wr frpsxwh wkh elw0e|0elw hvwlpdwh ri
wkh frghzrug=

eyE&�
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�
4 li OOUE&� +t�, A 3

3 li OOUE&� +t�, ? 3
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Vwhs 71 Uhshdw xqwlo grqh1 Fkhfn li wkh vwrsslqj frqglwlrq kdv
ehhq uhdfkhg +h1j1/ d �{hg qxpehu ri lwhudwlrqv n4@ kdv ehhq uhdfkhg/
ru wkh ghflvlrq zrug eyE&� vdwlv�hv wkh sdulw|0fkhfn pdwul{ K,1 Li qrw/
wkhq lqfuhphqw n# n . 4/ dqg uhshdw Vwhsv 4/ 5 +ru 5�,/ dqg 61

Lq wkh qh{w vhfwlrq/ zh glvfxvv krz wr frpsxwh wkh lqwulqvlf OOUv lq
+51:8,1 Iru uhihuhqfh/ iru frpprq fkdqqho prghov/ wkh lqwulqvlf OOUv
fdq eh irxqg dv iroorzv=

iru d elqdu| v|pphwulf fkdqqho zlwk furvvryhu suredelolw| s dqg uh0
fhlyhg elw |�/
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iru dq DZJQ fkdqqho zlwk qrlvh yduldqfh �2 dqg uhfhlyhg vljqdo |�/
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717 PHPRU\OHVV FKDQQHOV

Qrz zh frqvlghu xvlqj wkh OGSF ghfrghu lq frqmxqfwlrq zlwk d fkdq0
qho ghfrghu1 Frqvlghu wkh vlwxdwlrq vkrzq lq Iljxuh 5156 +vhh dovr Iljxuh
4144,/ zkhuh wkh HFF hqfrghu +h1j1/ OGSF hqfrghu, �uvw wdnhv d xvhu elw
vhtxhqfh x wr dq hqfrghg elw vhtxhqfh y/ zklfk lv wkhq sdvvhg wkurxjk
d pdsshu wkdw pdsv wkh elwv wr d vhtxhqfh ri v|perov { wr eh wudqvplw0
whg1 Diwhu wkhvh vljqdov sdvv wkurxjk wkh fkdqqho/ wkh uhfhlyhg vhtxhqfh
| pxvw wkhq eh ghfrghg e| d fkdqqho ghfrghu1

Lq wklv vhfwlrq/ zh frqvlghu wkh wkuhh phpru|ohvv fkdqqhov suhvhqwhg
lq wkh Lqwurgxfwlrq +¢40514,/ dqg frqvlghu prgxohv wkdw xvh wkh uhfhlyhg
ydoxh |� wr �qg dq h{wulqvlf suredelolw| S i |

U�@?
+{�, rq wkh wudqvplwwhg

v|pero {�1 +Lq odwhu fkdswhuv +uhi1 ¢60416,/ fkdqqhov zlwk phpru| duh
frqvlghuhg1, Wklv prgxoh iru kdqgolqj wkh uhfhlyhg ydoxhv lv d �fkdq0
qho ghfrghu/� dovr nqrzq dv d �fkdqqho ghwhfwru1� Iru vrph fkdqqhov/
wkh rshudwlrq ri wklv prgxoh pd| wxuq rxw wr eh udwkhu wulyldo/ exw zh
qhyhuwkhohvv frqwlqxh wr fdoo lw d �ghfrghu� iru frqvlvwhqf|1

Iroorzlqj rxu glvfxvvlrq derxw prgxohv lq Vhfwlrq 516/ iru dq| hgjh
ehwzhhq prgxohv/ wkh h{wulqvlf suredelolw| z1u1w1 rqh prgxoh jlyhv wkh
lqwulqvlf suredelolw| z1u1w1 wkh rwkhu prgxoh1 Lq sduwlfxodu/ wklv dssolhv
iru sdvvlqj phvvdjhv ehwzhhq wkh wkuhh prgxohv/ wkh fkdqqho ghfrghu/ d
ghpdsshu dqg dq HFF ghfrghu/ vkrzq lq 51561 Qrwh wkdw lq wkh elqdu|0
lqsxw fkdqqhov frqvlghuhg lq wklv vhfwlrq/ wkh pdsshu lv dq dvvljqphqw
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Iljxuh 51561 Fkdqqho ghfrghu/ ghpdsshu dqg HFF ghfrghu

ri d elw wr d elqdu| vljqdo/ vr wkdw wkh ghpdsshu mxvw qhhgv wr sdvv
wkh phvvdjhv vwudljkw wkurxjk/ dfwlqj olnh dq htxdolw| prgxoh zlwk wzr
exqgohv1

Vwduwlqj iurp wkh fkdqqho ghfrghu/ wkh h{wulqvlf suredelolw| S i |
U�@?

+{�,
lv wdnhq dv dq lqwulqvlf suredelolw| e| wkh ghpdsshu S �?|

_i4@T
+{�,/ zklfk

wkhq +wulyldoo|, pdsv lw wr d suredelolw| S i |
_i4@T

+y�, iru y�/ zklfk lv lq

wxuq wdnhq dv dq lqwulqvlf suredelolw| e| wkh HFF ghfrghu S �?|
,��

+y�,/ dv
lq +51:8,1 +Wr frpsohwh wkh surfhvv/ wkh HFF ghfrghu frpsxwhv h{wulqvlf
suredelolwlhv S i |

,��
+y�,/ zklfk fdq wkhq eh xvhg wr jhqhudwh ghflvlrqv iru

wkh xvhu elwv x�1, Lq wklv vhfwlrq/ zh xvh �HFF� udwkhu wkdq �OGSF� lq
rughu wr lqfoxgh rwkhu huuru0frqwuro frghv lq wklv glvfxvvlrq1

71714 ELQDU\ V\PPHWULF FKDQQHO

Iru wkh elqdu| v|pphwulf fkdqqho +EVF,/ zlwk furvv0ryhu suredelolw|
s/ li wkh lqsxw wr wkh fkdqqho lv d elqdu| yduldeoh {� dqg wkh rxwsxw lv d
elqdu| yduldeoh |�/ wkhq wkh frqglwlrqdo suredelolwlhv lqwurgxfhg e| wkh
fkdqqho duh jlyhq e|

S +|� @ d m {� @ d, @ 4� s

S +|� 9@ d m {� @ d, @ s

;7 VRIW LWHUDWLYH GHFRGLQJ

iru d @ 3> 41 Wkhq jlyhq wkh uhfhlyhg lqirupdwlrq |�/ wkh srvwhulru sure0
delolw| fdq eh uhzulwwhq xvlqj Ed|hv* wkhruhp/
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S +|� @ e,
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Vlqfh S +{� @ d, lv wkh lqwulqvlf suredelolw| iru {�/ wkh h{wulqvlf sured0
elolw| iurp wklv prgxoh lv sursruwlrqdo wr S +|� @ e m {� @ d,/ zklfk lq
wklv fdvh jlyhv
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Lq whupv ri orj0olnholkrrg udwlrv/ wklv jlyhv
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zklfk fdq eh xvhg dv OOU�?|

,��
+y�, iru lqsxw wr wkh vriw ghfrghu iru wkh

HFF1
Dfwxdoo|/ lqvwhdg ri wkh phvvdjh0sdvvlqj dojrulwkp iru OGSF frghv/

wkhuh h{lvw kdug0ghflvlrq yhuvlrqv ri wkh ghfrglqj dojrulwkp wkdw fdq
wdnh dv lqsxw wkh uhfhlyhg elwv |� gluhfwo| iurp wkh elqdu| v|pphwulf
fkdqqho1 Wkhvh kdug0ghflvlrq dojrulwkpv/ lqfoxglqj rqh lqwurgxfhg e|
Jdoodjhu ^Jdo96` dqg dqrwkhu e| Vlsvhu dqg Vslhopdq ^VV<9`/ duh pruh
dssursuldwh iru wkh elqdu| v|pphwulf fkdqqho +dqg duh frpsxwdwlrqdoo|
vlpsohu, wkdq wkh vxp0surgxfw xsgdwh uxoh1

71715 ELQDU\ HUDVXUH FKDQQHO

Rq wkh rwkhu kdqg/ iru wkh elqdu| hudvxuh fkdqqho +EHF,/ zlwk hudvxuh
suredelolw| s/ wkh frqglwlrqdo suredelolwlhv lqwurgxfhg e| wkh fkdqqho duh
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zkhuh H lv wkh hudvxuh v|pero1 Djdlq/ wkh h{wulqvlf suredelolw| lv sur0
sruwlrqdo wr wkhvh wudqvlwlrq suredelolwlhv/ vr wkdw
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Lq whupv ri orj0olnholkrrg udwlrv/ wklv jlyhv
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Wklv uh hfwv wkh idfw wkdw uhfhlylqj |� @ 3 ru 4 phdqv wkdw wkh lqsxw
kdg wr eh {� @ 3 ru 4/ uhvshfwlyho|1
Wkhq wkh lqsxwv wr wkh HFF ghfrghu zrxog eh
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zklfk olhv lq wkh udqjh i�4> 3>.4j1 Wkhvh lq�qlwh ydoxhv pd| qrw
eh vxlwdeoh iru wkh OGSF ghfrglqj dojrulwkp vlqfh wkh| fdxvh htxd0
wlrqv +519;, dqg +519<, wr ehfrph qrw zhoo gh�qhg1 Ghfrglqj dojrulwkpv
ghvljqhg iru wkh elqdu| hudvxuh fkdqqho duh suhvhqwhg lq Oxe| hw do1

^OPVV34d`1

71716 DZJQ FKDQQHO

Ilqdoo|/ zh frqvlghu wkh DZJQ fkdqqho/ lq zklfk dgglwlyh zklwh
Jdxvvldq qrlvh lv dgghg wr wkh wudqvplwwhg vljqdo1 Wkh vljqdov duh uhdo0
ydoxhg +zklfk lv lqglfdwhg e| wkh xvh ri yduldeohv zlwk erog irqw,/ dqg
wkh uhfhlyhg vljqdo |� lv jlyhq e|

|�@ {�.q�>

zklfk frqvlvwv ri wkh wudqvplwwhg vljqdo {� zlwk dgglwlyh qrlvh q� fkrvhq
iurp d }hur0phdq Jdxvvldq glvwulexwlrq
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�
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zkhuh � lv wkh vwdqgdug ghyldwlrq ri wkh qrlvh1 Wkh wudqvplwwhg vljqdo
{� lv riwhq uhvwulfwhg wr d glvfuhwh vljqdoolqj frqvwhoodwlrq/ vxfk dv sxovh
dpsolwxgh prgxodwlrq +SDP,,1 D frpsoh{0ydoxhg DZJQ fkdqqho fdq
dovr eh gh�qhg lq dq dqdorjrxv zd|1
Zh frqvlghu wkh xvh ri d elqdu| SDP frqvwhoodwlrq/ zklfk lv fdoohg wkh

elqdu|0lqsxw DZJQ fkdqqho +vrphwlphv deeuhyldwhg �ELDZJQF�,1
Wkh hqfrghg elwv y� 5 i3> 4j duh pdsshg wr wkh frqvwhoodwlrq srlqwv
{� 5 i�4> 4j iru wudqvplvvlrq/ xvlqj wkh pdsslqj {� @ 5y� � 41< Vlqfh

wkh fdsdflw| ri wkh DZJQ fkdqqho lv dfklhyhg e| d wudqvplw vljqdo wkdw

< Lw vkrxog eh qrwhg wkdw wkh rssrvlwh frqyhqwlrq/  � ' E3���l ' �3 2��/ lv frpprqo| xvhg

lq frppxqlfdwlrqv1
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Iljxuh 51571 Eorfn gldjudp ri v|vwhp zlwk dq DZJQ fkdqqho

dovr kdv d Jdxvvldq glvwulexwlrq/ wkh olplwdwlrq ri wkh wudqvplwwhg vljqdo
wr elqdu| SDP uhgxfhv wkh fdsdflw|1 Wkh fdofxodwlrq ri wkh fdsdflw| ri
wkh elqdu|0lqsxw DZJQ fkdqqho lv jlyhq lq Dsshqgl{ 51D/ dqg wkh EL0
DZJQF fdsdflw| dqg DZJQ fkdqqho fdsdflw| duh frpsduhg lq Iljxuh
51581

Lq wkh fdvh ri dq DZJQ fkdqqho/ zkhuh wkhuh lv qr lqwhuv|pero lqwhu0
ihuhqfh +LVL,/ wkh fkdqqho uhfhlyhu fdq hvwlpdwh wkh fkdqqho orj0olnholkrrg
udwlr dv iroorzv/
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vr wkdw wkh h{wulqvlf orj0olnholkrrg udwlr zlwk uhvshfw wr wkh fkdqqho
ghfrghu lv
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Wkhq wkh pxwxdo lqirupdwlrq P

�
�2
�
jlyhv wkh fdsdflw|/ zklfk uhsuh0

vhqwv wkh pd{lpxp udwh U wkdw doorzv uholdeoh wudqvplvvlrq1 Xvlqj wkh
gh�qlwlrq +51:;,/ wkh plqlpxp vljqdo0wr0qrlvh udwlr +HK@Qf, wkdw doorzv
uholdeoh wudqvplvvlrq lv wkhq jlyhq e|
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zkhuh S @ 4/ dvvxplqj elqdu| SDP1



Fkdswhu ;

RWKHU WRSLFV

Zh forvh zlwk vrph wrslfv uhodwhg wr wkh dssolfdwlrq ri vriw lwhudwlyh
ghfrglqj whfkqltxhv wr frppxqlfdwlrqv1

41 PXOWLOHYHO PRGXODWLRQ

Wr h{whqg wkhvh lghdv ri vriw lwhudwlyh ghfrglqj wr rwkhu frppxql0
fdwlrqv fkdqqhov/ lw lv qhfhvvdu| wr frqvlghu pxowlohyho prgxodwlrq1 Lq
wkh frqwh{w ri frppxqlfdwlrqv/ prgxodwlrq uhihuv wr krz wkh vljqdo lv
vkdshg iru wudqvplvvlrq ryhu d fkdqqho1 Wkh prgxodwlrq frqvlvwv ri
dvvljqlqj wkh elwv wr vrph frqvwhoodwlrq srlqwv/ zklfk uhsuhvhqw wkh vlj0
qdoolqj zdyhirupv wkdw duh xvhg wr wudqvplw wkh vljqdo1 Zh uhvwulfw rxu
dwwhqwlrq wr Sxovh Dpsolwxgh Prgxodwlrq +SDP,/ lq zklfk wkh vljqdo
frqvwhoodwlrqv duh srlqwv rq wkh uhdo olqh/ vlqfh Txdgudwxuh Dpsolwxgh
Prgxodwlrq +TDP, lq wkh frpsoh{ sodqh fdq riwhq eh lpsohphqwhg vr
wkdw wkh uhdo dqg lpdjlqdu| frpsrqhqwv pd| eh ghfrghg vhsdudwho|1

Wr hqfrgh wkhvh frqvwhoodwlrqv/ wkhuh duh ydulrxv srvvlelolwlhv iru dv0
vljqlqj elwv wr wkh frqvwhoodwlrq srlqwv1 Li zh wkhq dsso| dq huuru0frqwuro
frgh rq wkhvh elwv/ wklv frq�jxudwlrq lv nqrzq dv frghg prgxodwlrq1 Li
zh xvh Jud| frglqj iru wkh odehov/ vr wkdw odehov iru dgmdfhqw frqvwho0
odwlrq srlqwv rqo| gl�hu lq d vlqjoh elw/ wkhq wklv w|sh ri frghg prg0
xodwlrq lv fdoohg Elw0Lqwhuohdyhg Frghg Prgxodwlrq +ELFP,1 +Li zh xvh
dqrwkhu odehoolqj wkdw glylghv wkh frqvwhoodwlrq lqwr frvhwv/ dqg wkhq ds0
so| d frqyrqxowlrqdo frgh rq wkh elwv wkdw fkrrvh wkh frvhw/ wklv lv fdoohg
Wuhoolv0Frghg Prgxodwlrq +WFP,1, Wkh ghwdlov ri wkh vlwxdwlrq zloo gh0
whuplqh wkh w|sh ri frghg prgxodwlrq wkdw lv dssursuldwh1 +Uhihu wr
^Fkh<:`^QOl33` iru pruh ghwdlov rq ELFP dqg WFP zlwk vriw lwhudwlyh
ghfrglqj1,
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Iljxuh ;141 Prgxoh iru pdsslqj dqg ghpdsslqj

Wkh ghpdsshu wkhq kdv wkh wdvn ri �qglqj wkh h{wulqvlf suredelolwlhv
edvhg rq wkh uhfhlyhg vljqdov1 Xqwlo qrz/ zh kdyh rqo| frqvlghuhg elqdu|
SDP +zkhuh z @ i3> 4j pdsv wr { @ i�4> 4j,/ vr wkdw wkh pdsslqj dqg
ghpdsslqj kdyh ehhq wulyldo1

Iru wkh jhqhudo fdvh/ dv vkrzq lq Iljxuh ;14/ zh fdq wuhdw wklv vljqdo
pdsshu dv d orfdo frqvwudlqw V/ zklfk sxwv d uhvwulfwlrq rq wkh lqsxw
elwv +z�> z2> ===> zu, dqg wkh rxwsxw vljqdo {/ zklfk lv d uhdo0ydoxhg frq0
vwhoodwlrq srlqw +lq wkh fdvh ri SDP, ru d frpsoh{ frqvwhoodwlrq srlqw
+lq wkh fdvh ri TDP,1 Lq rwkhu zrugv/ iru hdfk vhw ri lqsxw elwv/ wkhuh lv
d xqltxh rxwsxw { fruuhvsrqglqj wr wkh srlqw wkdw lv odehoohg e| wkhvh
lqsxw elwv1

Wklv jlyhv xv wkh ghvfulswlrq ri wkh ghpdsshu/ zkrvh xsgdwh htxdwlrq
lv dv iroorzv/
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zkhuh f���
lv d qrupdol}lqj frqvwdqw1 Li wkhuh duh qr lqwulqvlf suredelo0

lwlhv rq wkh elwv +l1h1 wkh lqwulqvlf suredelolwlhv duh doo htxdo,/ wkhq wkh
h{suhvvlrq ehfrphv vlpsohu |hw=
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Lq wkh fdvh ri 70SDP/ wkh frqvwudlqw vhw V pljkw frqvlvw ri hohphqwv
+z�> z2>{, dv iroorzv=

V @ i+3> 3>.6, > +4> 3>.4, > +4> 4>�4, > +3> 4>�6,j
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Iljxuh ;151 Pdsslqj dqg ghpdsslqj iru 70SDP

Lq wklv fdvh/ wkh odeho xvhv Jud| frglqj/ vr wkdw wklv ghpdsshu fruuh0
vsrqgv wr elw0lqwhuohdyhg frghg prgxodwlrq +ELFP,1 Pdsslqj dqg vriw
ghpdsslqj lq wklv h{dpsoh lv ghslfwhg lq Iljxuh ;151

Lq wkh fdvh ri dq DZJQ fkdqqho/ wkhq wkh suredelolw| ghqvlw| ixqfwlrq
rq { zloo eh d Jdxvvldq glvwulexwlrq1 Lq rwkhu zrugv/ li wkh ydoxh | zdv
uhfhlyhg/ dqg lw lv nqrzq wkdw wkh qrlvh kdv yduldqfh �

2
+ / wkhq { kdv d

Jdxvvldq glvwulexwlrq zlwk phdq ydoxh htxdo wr | dqg yduldqfh �2+ 1
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Lq wkh h{suhvvlrq iru wkh h{wulqvlf suredelolw| +;15,/ wkh odujhvw whup zloo
whqg wr grplqdwh wkh vxppdwlrq1 Lq rwkhu zrugv/ wkh SDP frqvwhoodwlrq
srlqw wkdw lv forvhvw wr wkh uhfhlyhg vljqdo | zloo eh wkh grplqdwlqj whup/
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zkhuh wkh srlqw

[+c��'/�
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 vxfk wkdw

+��c���c�uc ,M7
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+{� |,2

uhsuhvhqwv wkh forvhvw srlqw { wr wkh uhfhlyhg vljqdo | rxw ri doo wkh srlqwv

lq wkh SDP frqvwhoodwlrq wkdw kdyh odehov zlwk elw z� htxdo wr $�1 Wkhq
wkh orj0olnholkrrg udwlr lv jlyhq dv iroorzv/
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zklfk fdq eh vlpsol�hg dv
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+Qrwh wkdw iru 50SDP/ wklv h{suhvvlrq vlpsol�hv wr
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@ 	4/ zklfk frlqflghv zlwk wkh h{suhvvlrq ghulyhg lq +51:9,1,

Dv d uhvxow ri wklv dssur{lpdwlrq/ wkh orj0olnholkrrg udwlr lv vlpso| d
olqhdu ixqfwlrq ri wkh uhfhlyhg vljqdo |/ pdnlqj wkh frpsoh{lw| ri wklv
dssur{lpdwh vriw ghpdsslqj rshudwlrq ihdvleoh iru sudfwlfdo lpsohphqwd0
wlrqv1 Lq dgglwlrq/ zh phqwlrq wkdw lw lv srvvleoh wr lwhudwh vriw lqirupd0
wlrq zlwk wklv ghpdsshu1 Lq rwkhu zrugv/ xsgdwhg h{wulqvlf suredelolwlhv
iru z iurp wkh HFF ghfrglqj frxog eh xvhg dv lqwulqvlf suredelolwlhv iru
wkh ghpdsshu wr lpsuryh wkh ghpdsslqj/ xvlqj htxdwlrq +;14,1 Lq wklv
zd|/ wkh ghpdsshu fdq dovr eh lqwhjudwhg lqwr wkh vriw lwhudwlyh ghfrglqj
iudphzrun iru dgglwlrqdo frglqj jdlq/ dv ghprqvwudwhg lq Pxtxhw hw do1
^PPGF33`1

51 SRWHQWLDO DSSOLFDWLRQV RI

FRQVWUDLQHG FRGLQJ

Zh eulh | olvw vrph vlwxdwlrqv rwkhu wkdq wkh vwrudjh fkdqqho zkhuh
wkh lghdv uhodwhg wr frqvwudlqhg frglqj pd| srwhqwldoo| eh dssolfdeoh=

Frqvwhoodwlrq0vkdslqj frghv wkdw fkrrvh wkh glvwulexwlrq ri frqvwhood0

wlrq srlqwv vxfk wkdw wkh uhvxowlqj glvwulexwlrq ri wkh wudqvplw vljqdo


