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GRAND’s actual search can be greatly simplified by an SNR-
dependent noise-adding (bit flipping) precomputable order.
(Decoder doesn’t need to check all flips.)

= S10A Topics
* GRAND simplification
* Mountain Building and Landsliding Algorithms
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GRAND Simplification

Section 7.1 2.3




GRAND - See L10

“Flip” bit decisions
xl (G:OZd . AL ,| Subsymbol |  OrderSlI . (~ADD NOISE) yes %
E 3 de Soft Info "| Worst to Best g & Checkif
L] Valid Codeword
no

= |f guessed bit-sequence decision is not a codeword already (stop if codeword):
*  GRAND reorders the subsymbols (bits) in terms of sequence likelihoods (summed LLRs, indexed by g, “query” or “guess”).
e g = 0 guessisjust try hard-decoded output with no added noise (no flips).
* Smallest LLR sum tests firstat ¢ = 1, & then guesses g > 1 are tested to be codeword.

«  Each guess equivalently flips bit hard-decoded sequence for the g* smallest |LLR| sum.

= Failed guesses are not revisited: 2™ — k + 1 guesses are possible (not likely), the random-guess average is 2™,

 Ideally, GRAND solves the shortest-path problem (orders sums of possible nonnegative real numbers, |LLR|’s), so often less than 2™k,

The expected number of guesses to find a codeword is E[q] = 2"~k put reduces with SNR-dependent guessing strategies that skip unlikely sum values.
* Ensure any “abandon-search” point occurs less frequently than the target P,.

= The first codeword found is often the ML decision (low SNR), but GRAND is not an ML decoder.
* Ordering LLR sums is not the same as ordering the squared-error sums.
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Is it a codeword?

* For hard decoding, choosing 1, then 2, then 3 bits from 12 eventually will find a codeword y + n, = v, where parity v, - Ht=0.
* The ng noise guess is really a pattern of 0’s and 1’s , so really something added to a hard (y,). The LLR values are not binary.

Parity Matrix

Yes
Ht Done

T No, try again
' q—oq+1

= For example: H= [110000000000

011100000000

110111000000 [1+ D% 1+ D+ D?]
001101110000
000011011100 H(D)
0000001101117;

= The parity check is easy part — it is the guess-ordering computation that requires more effort.

[3
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Ordered Bit Reliability Examp

= Returnr = 1/2 convolutional code example, terminates at 6 input bits (12 output dimensions)

ysoft=[-3.2339 1.7966 -3.9526 -3.2339 -1.7966 3.5932 -2.8746 -2.5153 3.2339 3.5932 -3.2339 3.5932]

Guess | |LLR| sum | [dimension indices]
+ +

1|  0.00000000 |[] 16| 431189364 |[58]

2| 1.79662235|[2 17| 4.67121811|[27]

3|  1.79662235|[5 18|  4.67121811|[57]

4| 251527129 |[8 19| 5.03054258|[12]

5| 2.87459576|[7 20|  5.03054258][2 4}

. ]

]

]

6| 323392023 21|  5.03054258 |[15

22| 5.03054258|[45
7| 3.23392023|[4 23| 5.03054258|[29

8| 3.23392023][9] 24| 5.03054258|[59
9| 3.23392023][11] 25|  5.03054258|[211]
10| 3.59324470|[25] 26|  5.03054258|[511]

11| 3.59324470|[6] 27| 5.38986705|[26]}
12|  3.59324470|[10] 28| 5.38986705| [56]

% ORBGRAND is ML decision here
13| 3.59324470|[12] 29 SR )

[

[

14| 3.95256917| 3] 30| 5.38986705|[210]
15| 4.31189364|[28]

ORBGRAND1 produced this same decision atq = 30,
slightly later in this case, but without table calculations.
So how? (coming next)
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Ordered Bit Reliability Simplification

Ordered Bit Reliability (ORB - “ORBGRAND”) simplifies GRAND when the AWGN-channel SNR is known.
*  ORB-GRAND eliminates many guesses that are unlikely to correspond to errors (SNR).

ORBGRAND usually uses only even {d,.. € 2Z*} codes.

* Reduces search by % (so our earlier example would have been much less complex if r = 6 /13 and higher performance)
If odd, G augments sum of other columns, r=>k/(n + 1) to make it an even code.
* This alsoincreases dfyq. by 1.

The decoder uses an SNR-specific order-of-sums to avoid comparisons.
* This order-of-sums (or really corresponding indices of summed LLRs) follows a (piecewise) linear (offset) LLR curve,
* which can be approximated by a logistic weight (with d;=1 if bit flipped and 0 otherwise)

n

n
Wy = Z R = [ - V; , whereiordersthe LLR; s from smallest to largest.
i=1 i=1

Reliability is approx. prop to logistic weight, over SNR range (See next slide.). So, precompute the
index combinations with lowest w; .
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Calculation of possible noise-flip patterns

4 So‘rted reli?bility ve‘rsus quc‘ary num?er : SN R
= GRAND (theoretically) first sorts the LLR; over i € 1:n .. sl e |
* Noise guessing ~ orders samples from a Gaussian distribution. i
/]
.~ 251 | These are sorted smallest to |
. < largest with consequent q S
= For SNR=0 dB, the |LLR;| looks linear. = A
* Itisrare to get to the right portion of the curve. ol > “)
| LL Ril =p-i N —
. . . _ n - query number after sort
- LOngth Welght WL — Zi:l L vi Where vi € {0,1} sample number after sort (q)
* Hamming weight wy =Y v;
6 = 046 one term in sum wy =1
= w, €Z* :
. — 6 = 1+5 two terms in sum
* Only certain integer combinations can sum to w; . . wy = 2
 Mathematicians call this “integer partitioning.” 6 = 2+4 two terms in sum
* We care about only increasing-integer sums 2> 6 = 1+ 2+ 3 three terms in sum| wy =3

[3
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Integer Partitions of interest

= Search is only up to a certain wy (or abort-search point).

More than wy probably means there is an error anyway.

This presumes pre-ordered with lowest integers most likely included in
sum.

In other words, “don’t bother checking sums that are too large” —it’s an
error already nothing you can do to fix.

= Further, w; also limits wy, .

ul

* This solves quadratic above using largest w; .

For a given w; (max |LLR| sum):

* Many error patterns can be omitted because they cannot add to
this value.

Check increasing w; up to a point that is prudent (then abandon).

Search Increments w; and repeats for each wy in range.

Search continues until codeword match or abort.

February 10, 2026

WH. wy - (wy + 1)
WL:Zl: 5

=1

\/1+8‘WL_1
WHS

2

Note: This low-SNR search can precompute
the guess test patterns!

Or, it’s pretty easy to compute in real-time
(save memory - Landslide)
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Landslides and Mountains

Section 7.1.2
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Further number-of-guesses reduction

= The wy positions where the flips occurare1 < a; < -+ <a,, <n.

= These positions map to a (also increasing order) a smaller-magnitude increasing set {b; 2 a; — i}.

wH<n_’wH°(’wH+].)
- 2

N >4
~

nl

0<b <...<b

= This compresses the sum search set to a smaller w; without losing any integer-partitions of interest.

N wy - (wg + 1)
wp =wL —
2
(69 n An—wy
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Duffy’s Landslide example

= Step 4 below is the mountain build; rest is landslide

[3

cL]

AT

* b, = 0orlastlandslide value
* i’ = 0orlastlandside value Find the bi

bj by for i’ +1 < j <wpn. flatplateau to right I
w
wy =wp, — >0 b reset residual mountain peak '

Decompose w/ as w} =1+ q- (n' —by). Distribute residual
rtoleftofthese (n' — b ;) q times on right
Ifq#0,b; < n forwyg —qg+1<1i<wy.

build new full mountain
Diper— i Dy g .

6. i' 2 arg {max; 3 b;, — b; > 2}, find new drop-by-2 point

bir = by +1 increment plateau level

pass 1 pass2  pass3 pass 4

dda
ol

n=28 WH_
WL_18WL_WL 54’/2—8,
n=n—wy==4%

As the mountain peak slides to the left, all the increasing integer partitions of w, appear.

* Increasing from left to right on integer sums until flat plateau.
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Same Example — “circuit implementation”

Build Mountain n= 8;WH =4;
) w, =8;

—P + , _ _
W'=w'-¥¥ b= q-(n'—b)+r n _n_WH_4
—_— updated|b;_¢.n/

g § Ai=0:n/
0 0 0 0 M g-0=0+2-4 Plo 0 4 4 0 0 4 af 1 2 7 8
o Lo 1 1 1 » 8-3=2+1-3 0 0 2 3 0 1 3 4 ) 1 3 6 8 (
=}
s Blo 2 2 2 s-6=0+1-2 0o 0 0 2 0 2 2 47 [T 4 5 8 flipped-bit
= LI o 2 3 3 » 8-8-=0+0-1 » 0o 0 0 o 0 2 3 3] 1 4 6 7 indices for
® R $ w, =18
11 1 1  8-4=1+1-3 0 0 1 3 1 1 2 4 ) 2 3 5 8 4
Wy =
N 11 3 3 » 8-8=0+0-1 » 0 0 0 o 1 1 3 3 ] 2 3 6 7
N 1 2 2 2 » 8-7=1+0-1 » 0 0 0 1 1 2 2 3 ) 2 4 5 7 L
L) 2 2 2 2 p| 8-8=0+0-3 0 0 0 O 2 2 2 2 3 4 5 6

A
% re-add i
1 2 3 4 +

Type equation here.Table 4’s red positions decrease by 2 (right to left), so
corresponding position increases by 1 in next
step, with repeats to right.

This moves the mountain top to left. For eaCh Seq uence W|th
flipped bits, test parity.
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aplispue]
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6
A’é re-add i T
1 2 3 +

3 3 n:8'WH: ’
Build Mountain ;o
w;, =12;w;, = 18
/ '\4{/ n=n—-wy=5
A

0 0 o Pl 12-0=2+2-5 2 5 s - 37 flipped-bit
303 3f—» 12-9=1+1-2 o 1 2(—» - 4 ¢ indices for
4 4 afl—>» 12-12=0+0-1 o 0 of—» 5 w, = 18
WH=3
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