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Announcements & Agenda
§ Announcements

• PS5 due today
• PS6 next Wednesday
• PS8 remains optional – can substitute if better grade for  

an earlier
• Final is take-home March 14-15
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§ Today
• Intersymbol Interference (3.1) 
• Receiver SNR (3.2)
• Nyquist Criterion and pulse shaping (3.3)
• Zero-Focing Equalization (3.4)

Now with good codes – we can use them with (little) AWGN channels
Keeping in mind that bandwidth/dimensions may be limited.



Intersymbol Interference
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Section 3.1 
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Pulse Response and Intersymbol Interference
§ Channel stretches basis functions
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Input (sub-)symbol at time 𝑘
PAM real BB
QAM cplx BB

Mod
𝜑 𝑡

𝑥!
𝑥 𝑡

	 ℎ 𝑡 = 𝜑 𝑡 ∗ ℎ" 𝑡 	
#$%&'	)'&#*+&'

§ Successive symbols
• 𝑥" 	→ 𝑥" $ ℎ 𝑡
• 𝑥# 	→ 𝑥# $ ℎ 𝑡 − 𝑇
• 𝑥$ 	→ 𝑥$ $ ℎ 𝑡 − 2𝑇

Bandlimited
channel

ℎ" 𝑡 𝑥, 𝑡

𝑥! & ℎ 𝑡

𝑥" & ℎ 𝑡 − 𝑇

Sec 3.1.2
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Two successive symbols, opposite sign

§ Amplitude reduces

§ Peak shifts

§ 𝑑+,- reduces
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Sec 3.1.2

ℎ 𝑡 =
1

1 + 𝑡!
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Depends on how fast
§ As T decreases, R increases,

§ but the amplitude shrinks further.

§ This is not an equal-factor trade of 
bandwidth/dimensions for energy.
• Designer is forced to take power.
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ℎ 𝑡 =
1

1 + 𝑡!
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Noise Equivalent Channel Review

§ Colored Noise ~ ISI:

L13: 7

𝐻 𝑓
(AGN)

𝑥(

𝜎) # 𝑆* 𝑓

+

receiver

Reversible filter

𝑆*
+,/) 𝑓

To
matched
filter ...

(AWGN)
equivalent pulse response 𝜎-

+&
𝐻 𝑓

𝑆*
+,/) 𝑓

𝑥(

Sec 3.1.2.1



But WAIT!

• This filter only exists, and is 1-to-1 causal and causally invertible, IF

January 16, 2024 L13: 8

below

• See Appendix D on canonical factorization of autocorrelation/power spectra:
Ø Such a filter exists for any noise typically found in practice.
Ø Notice this says “noise” – does not necessarily apply to systems that optimize transmit power spectra.

Section 1.3.7.2
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Nonwhite, Noise Equivalent to ISI

§ Narrowband noise is equivalent to channel with frequency notch (significant ISI).
• Sharp edge in radio band à long ISI effect in ℎ 𝑡 .

L13: 9

normalized radian frequency
0 0.5 1 1.5 2 2.5 3 3.5

m
ag

ni
tu

de

0

1

2

3

4

5

6

7

8

9

10
Flat channel with narrowband noise

normalized radian frequency
0 0.5 1 1.5 2 2.5 3 3.5

m
a

g
n

itu
d

e

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Notched channel with white noise

Equivalent channels

Sec 3.1.2.1



Feb 22, 2024

EE379 ISI Model
§ The overall channel filtering includes the receiver’s matched pulse-response filter:

L13: 10

pulse response ℎ 𝑡

+𝜑. 𝑡
𝑥,,!

𝑥! ℎ
xh(t)

nh(t)

yh(t)

§ Recalled that the matched filter maximizes SNR.

§ The sampled MF (at times 𝑘𝑇 , i.e. the symbol rate) is a sufficient statistic:
• Nothing is lost in samples from continuous time – see proof in Section 3.1.

§ Equivalent sampled model:

𝑦!
0𝑥!

Discrete-
time

receiver
sample at  𝑘𝑇

𝑦 𝑡

𝑞 𝑡 = 𝜑" 𝑡 ∗ 𝜑"∗ −𝑡  ; 𝑞$ = 𝑞 𝑘𝑇 	 ; 𝑄 𝐷 = ∑$ 𝑞$ 2 𝐷$

𝜑,∗ −𝑡

Sec 3.1.3 PS6.1 (3.3)

𝑦! = ℎ 2 𝑥!
	

012345	6789:
(<'&=)'<)

+ 4	𝑛! 	
7?604

+ ℎ 2 6
@A!

𝑥@ 2 𝑞!B@
	
CDC
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Example pulse and peak distortion

§ Pulse response has two nonzero ISI samples and no energy outside 𝑓 ∈ − #
$/ 	 ,

#
$/ .

• 𝜑",$ = 1	 .25	 − .125 / 1+.25&+.125&
• 𝑞$ = 𝜑" 𝑡 ∗ 𝜑"∗ −𝑡 |'($) = −.1159	 .2029	 1	 .2029	 − .1159

L13: 11

§ With 4PAM and  𝑥 +01 = 3 , this is 

PS5.5 (3.24)

ℎ 𝑡 =
1
𝑇
2 𝑠𝑖𝑛𝑐

𝑡
𝑇

+ .25 2 𝑠𝑖𝑛𝑐
𝑡 − 𝑇
𝑇

− .125 2 𝑠𝑖𝑛𝑐
𝑡 − 2𝑇
𝑇

§ Peak Distortion 𝒟# ≜ 𝑥 @EF 2 ℎ 2 6
@AG

𝑞@

𝒟# = 3 K ℎ K .1159 + .2029 + .2029 + .1159 = 3 K 1.078 K .6376 ≅ 2.0.

𝑃* ≤	𝑁* 2 𝑄
ℎ 2 +!"#

& 	 − 𝒟-
𝜎

This is really large Pe degradation, and overly pessimistic.
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Mean Square Distortion
§ The worst-case pattern leading to peak distortion may have very low probability.

§ Computing 𝒟2 over all patterns is complex.

§ Instead use Mean-Square Distortion:

L13: 12PS6.4 (3.21)

𝒟!" ≜ 𝔼 &
!#$

𝑥%,! ( 𝑞$'!

(

	

= ℰ𝒙 ( ℎ ( ( ∑!#* 𝑞! (𝑃+ ≅ 𝑁+ ( 𝑄
ℎ ( 𝑑!,-

2 ( 𝜎( + 𝒟!"
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Eye Diagrams
§ High-speed oscilloscope triggers on the symbol rate (or graph in software/matlab), ℎ 𝑡 = 3# #3 45// ..

L13: 13

Binary: Lorentzian pulse

Sec 3.1.3

Eye    open

4PAM: Lorentzian pulse

eyes barely open



Receiver SNR
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Section 3.2 
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Receiver to minimize ISI impact

§ SBS = Symbol By Symbol  (detector) – SBS is not necessarily ML, nor optimum, but maybe much cheaper.
• All the QAM/PAM, coding formulas apply to this new channel 7𝑏 ≅ !

"$$%&'" "()*+/-   , so receiver converts to AWGN (or tries to).

§ Receiver may be any, some, or all of:
• linear filter that tries to Minimize Mean-Square Error (max SNR),
• nonlinear processor that successively detects over sequence removing past ISI, also MMSE,
• neural network (recurrent: two stages, first is single ReLU, second provides feed back of past state(s) influence,
• Viterbi Detector (or other sequence detector) for ISI’s trellis, which is NOT an SBS (more in L17).

L13: 15

𝑆𝑁𝑅 =
ℰF

𝔼 𝑧! − 𝑥! -

sample 
at times 

k(T/l)

matched
filter 

ℎ∗ −𝑡
𝑦 𝑡 𝑦$ SBS

detector

𝑧$
D𝑥$

Receiver
𝑅

Equivalent AWGN
at time 𝑘 𝑥!

−𝑒!

𝑧!+

SBS Det
Pretends AWGN

precedes it

Sec 3.2.1

Beware of 
coding theorist’s
fallacy, 1/T fixed

𝑦" 𝑡
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MMSE Receiver Biases
§ MMSE has a “feature” or bias:
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§ The minimized MSE reduces the desired 𝑥! amplitude (often slightly) because that also reduces noise,
• in a way that minimizes MSE.

§ The min 𝑃", which arises from the ML detector max
#.

𝑝$./#.  ,  is unbiased – so MMSE is not quite ML.\,
• unless, as we’ll see in 379B, the code in use has zero gap – where indeed they are the same.

Sec 3.2.2



Feb 22, 2024

Receiver Removal of Bias
§ Fortunately, removing the bias is easy:

L13: 17

Receiver
(has bias) ´

unbiased receiver

𝑧$ = 𝛼 2 𝑥$ + 𝑢$

I1 𝛼

§ Best value of 𝛼 when the receiver minimizes MSE is &'(
&'()*

  (see proof in Section 3.2 or Appendix D).
§ This boosts desired signal as well as distortion/noise, but in a way so that receiver’s decision regions based on 
𝑝$./#. 	are correct.

§  The correct new SNR is always (with any MMSE receiver bias removal) 𝑆𝑁𝑅+ = 𝑆𝑁𝑅 − 1 and it is the 
maximum unbiased SNR (see Theorem 3.2.1).

Sec 3.2.2 & Appendix D PS6.2 (3.4)

decision regions change

decision regions same
Detector
based on

𝑥
(unbiased)

𝑧/,$ = 𝑥$ + 𝑢$

𝑆𝑁𝑅/ = 𝑆𝑁𝑅 − 1

𝑢$ = K
012

𝑟0 2 𝑥$30 +K
0

𝑓0 2 𝑛$30

So,  𝔼 ⁄4$ 5$ = 𝑥$
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MMSE Conclusion / Use
§ So it is ok to use MMSE, just remove the bias before entering the SBS detector.

§ Maximum value occurs when there is no ISI, so that all signal energy at receiver MF output sampler is 

L13: 18

𝑌 𝐷 = ℎ 2 𝑄 𝐷 2 𝑋 𝐷 + 𝑁 𝐷  .

Matched-Filter
Bound SNR

̅ℰF 2 ℎ -

𝜎-
≜ 𝑆𝑁𝑅YZ[  .𝑆𝑁𝑅YY\],^ ≤

§ Bound attained with no ISI, so 𝑄 𝐷 =1 in:

§ Argument of Q-function?  (not same Qs)

• For PAM and SQ QAM: the MFB then is 𝑀𝐹𝐵 = 6
!%37

2 𝑆𝑁𝑅89: ,

• Cross, see Section 3.2

Sec 3.2.3
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Trival, but helpful, Example
§ The MMSE SNR would exceed the MFB SNR if bias were not removed

L13: 19Sec 3.2.2



Nyquist Pulse Shaping

Feb 22, 2024 L13:20

Section 3.3 
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Nyquist’s Criterion
§ When does a channel have no ISI?

L13: 21

𝑞! = 1	 ; 	 𝑄 𝐷 = 1

§ Well, ok, but what does that mean in continuous time/frequency?

§ The function 𝑞 𝑡  passes through zero at all the right times (except time 0).

Equivalent (aliased) frequency response is “flat.” 

Sec 3.3
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Theoretical simple example

§ Sinc function:

L13: 22
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Sec 3.3
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Excess Bandwidth
§ Percent excess bandwidth

L13: 23Sec 3.3.1

§ Can be approximated more easily if 0 < 𝛼 ≤ 1 ∶
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Vestigial Symmetry

§ Positive frequencies

L13: 24
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Sec 3.3.1
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Raised Cosine Rolloff (RCR) Pulses
§ RCR pulse responses have small excess bandwidth, but decay rapidly.

§ They decay with t3.
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Raised Cosine Pulses mathmatically

L13: 26Sec 3.3.2

§ Really want square root in xmit and again in rcvr matched filter (because with no ISI, this maximizes SNR).



Zero-Forcing Equalization
(ZFE)

Feb 27, 2024 27

Section 3.4 
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ZFE – Just filter with channel inverse
§ The ZFE Forces ISI to Zero.

§ ZFE ignores the noise;  this may lead to noise-energy increase (``noise enhancement’’).

§ SBS ignores and views its input as AWGN with 𝑆𝑁𝑅@AB  (uses AWGN’s ML detector).

Sec 3.4

+𝑞 𝑡𝑥! ℎ

n(t)
𝑦 𝑡

𝑦!
0𝑥!

1
ℎ 2 𝑄 𝐷

sample at  𝑘𝑇

𝑆𝐵𝑆
detect

𝑥$ + 𝑛4;*,$

§ Noise may no longer be white, 𝑛 𝑡 ≜ 𝑛. 𝑡 ∗ 𝜑.∗ −𝑡 .

Don’t confuse Q’s ! (sorry)

L14: 28

𝑊<9= 𝐷

L𝑅++ 𝐷 =
𝒩G

2 2 𝑄 𝐷
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ZFE Output Noise 𝑍 𝐷 = 𝑋 𝐷 + 𝑵𝒁𝑭𝑬 𝑫
§ The ZFE further filters the noise, so 𝑟@AB,E ≜ 𝔼 𝑛@AB,F $ 𝑛@AB,F∗ = 𝑟--,E ∗ 𝑤@AB,E ∗ 𝑤@AG,HE∗ 	.

Sec 3.4.1

§ Calculate 𝜎@AB$ = 𝒩>$ $
J?@A,>
. 	 ; where 𝑤@AB," is the time-zero value of 𝑤@AB,E.

§ Integral of the inverse-ISI function is important:

§ SNR of SBS then is 
Loss Factor 𝛾cZ]

L13: 29

L𝑅cZ] 𝐷 =
𝒩G

2 2
𝑄 𝐷

ℎ - 2 𝑄- 𝐷 =
𝒩G

2 2
𝑊cZ] 𝐷

ℎ 	

𝑆𝑁𝑅cZ] =
̅ℰ,

f-./
0 = 𝑆𝑁𝑅YZ[ 2 𝛾cZ]  .

𝛾cZ]Bg =
𝑇
2𝜋 2 R

B`b

`
b 𝑑𝜔
𝑄 𝑒B_hb

= 𝑤cZ],G 2 ℎ

𝑊/01 𝐷 =
1

ℎ & 𝑄 𝐷
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Noise Enhancement
§ Typical channels often are lowpass;

• because they don’t transfer infinite energy.

§ There may also be in-band noise , multipath, 
or DC coupling (real baseband only) that cause 
bandpass, bandstop, or highpass effects.

§ Noise “enhances” where channel attenuates. 0 0

Noise
enhancement

𝑄 𝑒B_hb 𝑊cZ] 𝑒B_hb

B
)

𝜔 𝜔B
)

My favorite Channel :  𝐻 𝐷 = 1 + .9 # 𝐷+,

ℎ - = 1.81 𝜎- = 0.181 𝑆𝑁𝑅YZ[ = 10	 (= 10	dB	also)
L13: 30Sec 3.4.2
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Example channel continued
§ Real baseband, so is symmetric about DC.

§ Lowpass

§ Analysis ignores slight discontinuity at Nyquist 
frequency (makes math easier for students to 
follow, has negligible effect otherwise).

§ It has significant ISI (2nd large tap).

§ The SNR is already not so good.
• SNRmfb is 10 dB.
• So, design needs a code outside the receiver!

• One designed for AWGN.

L13: 31Sec 3.4.3
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Corresponding ZFE Spectrum
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Big Loss!
L13: 32Sec 3.4.3

§ Edge noise increases 50dB (with respect to center).
§ Very long response (delay, or complexity if realized as FIR).
§ The integral of 𝑊$1" 𝑒)234  can be done in closed form for this example à 𝜎5678 = 5.26 C 𝜎8 (see Example 3.4.1)
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