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Announcements & Agenda

® Announcements
* Show details of BC duality

= Agenda
*  MAC/BC Duality Basics

* Input deflection

*  Mappings
* Vector MAC/BC Duality
*  MAC-dual Design

May 20, 2026 $15:2 Stanford University



MAC / BC Duality Basics

Section 5.5



Order Reversal & The Dual

= Reverse MAC order so that BC has user 1 at top (still best position). 0 0 ILxl
J. 2] 0 0
= 7, applies to x so that J, - x reverses the input vector x’s user order. I, 0 0
x,U

= Thus, reversing a MAC’s input order corresponds to H - J,.
Can also have a g, on BC input side (but since BC has one joint input, less important). H _ (7 H* (7
— (] °
dual X y

= The channel H's dual is its order-reversed transpose.

= SVDs: _ %
> F=F-A-M  Hua=dx M-A-F*-J,
-

Still an SVD (singular values the same); L, inputs, L, outputs
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Specific to MAC and BC

= MAC Channel has normal notation:

~

HMAC:[HU H1]

= Dual BC Channel transposes each user channel and reorders outputs and inputs so 1 is at top/left:

_ _ Hj, H;
HBC:Jx°H1T/IAC'<7y:<7x' ~ “dy= || dy

H; Hj,

= The reversal allows some simplification of notation (its worse without the reversal).

[3
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The (single-user & overall-channel) Dual

= Duality design imposes that the original and dual have the same mutual information equal:
Original channel
8 Dual channel Run =1
nR. =] n
- T y

v »RY? > H=F-A-M* y VHRYZ o Hpe =Jx M- A-F* - g,

Ryp=1 R,y REY
i aneLY te gsrzser
T(x,y) =logy|H - Rex - H* + 1| =logy|Jyx - H* - Rz - H - 3 + 1|
= Asolutionisx =J,, - F - M* - g, - x, which yields
" Rz =Jy F-M -3y Rex. Iy -M-F*- 3,
The J,,’s don’t change rate sums/determinants
= SNR’s also equal because R, = I = Ry
Stanford University
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Each user’s dual with crosstalk as noise:

Ly, XL N
y~ o Rpn(w) =1+ Z H; - Ry - Hf implies a user order.

Per-user channel (from MAC)

Noise + Xtalk not white |

H = Rnn/ -H = [HU Hl]
1_1» u-—1
u o~ ~ . .
Liw XLy Ran(w) =1+ Z H: - Ry(i) - H, reversesimplied order.
_ — _ Ly X L, =1
Xy — H;, 'Q'/ > Yu
Per-user dual channel for BC
= For equal individual-user mutual information:
|Rnn (w)] | R7m (W) (so dimensionality is consistent).

[3 = Duality design follows MAC’s independent (x,, and x;.,, ) & causes BC’s (X, and X;,,) ‘s to be independent.
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Input Deflection

= Duality deflects input so that it offsets the channel shaping (same dim as “dual’s xtalk):

Xy = RILZ (W) - %, 1" Run(u) =1
%, =R2(W) - %, X —— Hy ”é* -
Rex (1) = R ? (W) - Riz(w) - R > () A= Ry ") - Hy - Ry’
"% Raa(w) =1
Rex(1) = R/ * () - Rie () - Ripy’* () X, — A; ﬂ@)_. Vu

= This then whitens both channels’ noises and is 1-to-1 on input deflection, so T(x,; y,) = T(x,;¥,) =
T(xu; Yu)- B B B B
v | Boow) - H; + Ran(w)|  |H; - Raa()- Hu+ Ran(u)|

2 —
[Rnn(u)] [Ran(u)
— ‘IZIU.R@@(u).FI;-}—I‘ - ’}\];.R\m\m(u).}\[u+]‘

[]
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wl

Scalar duality revist and example

= Rewrite the scalar-duality input-deflection equations (follow from L10 scalar-energy duality):

C.\/1_|_gév1AC_ng_|_m+g[1}/IAC’,gU = gMAC
C-\/1+£¥Ac-g§+...+6{}“0-gl} — xé\/IAC.\/l_'_SlBC.gz
_1/2(u) ey N
eBC¢ = MAC. \/(1 + [EEC + ..+ EEC] - 9v)

Recognize these as a simple form of input deflection.

| u|2

u="_3 , above equations do not depend on (MAC’s) g4, which is BC’s g5.

) Hyac =[50 80]
user2 userl

= L9’s duality example was for

_ [80 user 1

Jeer 2 e _ 3/4]_9 1/7504

] — gMAC
1/4] ~ |7503/7504
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Vector MAC / BC Duality

Section 5.5.2



Vector MAC/BC Duals
ﬁ1f(1)

Broadcast - inputisx

Y1
Rz(2) Rpn(u + 1) = z ARy -H +1
R (U) ]

Yu

Rxx(l) xl
Rxx(z) x2

Rxx(U) Xy

Multiple Access inputis x

Order reversed

U
Rum(u—1) = Z Hi * Ryx (@) - HL* +1
i=u

@ " Esum-MAC &= YU o Eu=2Y_ trace{R,, (W)} = XU_, trace{Re(u)}
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ul

o [} BOMAC Ry GO=Ry(w) - My B - Ry!* () - Rex(W) - Roy/* () + Fy - My - R ().

Finish Vector Duality

= Write equality for deflected with actual autocorrelation matrices explicitly:

Hy - R2 (W) - Rep(w) - REZ(w) - H*+I|—|H CRZW) - Rex(w) - RY2(w) - Ay +1

= SVD:  F,-A,-M;, =svd (H,)

use “economy mode SVD” so that F, and M,, may be non-square and the multiplication F,, -+ M, is dimensionally ok.

* Inside determinant aboveis F,-A, - M, -R*/2 - R (u) - Rl/z My Ay -F; +1

= Pre/post multiply by F’s causes no change (nor by M’s in 2" determinant).

= Data Rate Equality occurs if Rga(u) = My - Fy - Ry (u) - Fy - M,

= MAC2BC:  Ryx(W=Rpp > (W) - E, - My Ry 2 (1) Ry (W) + Ry (W) - My - B+ R 2 (W)
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MAC2BC Full Algorithm

R, (w) from minPMAC

Given: | p_(w)foru=1,..,U ; Rge(w) = Rz = 0
Rnn(U)~= Ran(1) =1
BC: H;, R,,,, (w)
MAC: A, = R_*(u) - H,
v
Foru=U,..,2; Ryyu—1)=R,, W)+ H,-R,,(w) - H;
v
Foru=1,..,U

H=R W) - H, R_E/Z(u)
F, - Ay - M;, = svd (Hy)
Rex(W)=Rpn/ > (w) - E, - My R (1) - Ry (w) - REZ
Rxx = RX£+ Rxx(u)~
R,—"—,(u + 1) :Rﬁﬁ(U) + H{; . ij . Hu ) Sklp u=U

() - My - B} - Ry ? (w)

= So, find the R, (u) for the dual-BC’s original MAC that has necessary data rate/energy.
Cﬁ

wl
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BC2MAC Full Algorithm

Given: | Rz foru=1,...,U ;Rp,(u) = Rzr(w) =0
Ran(U) = Rgﬁ(l) =1;Rz=0
BC: Hy, Rpp (v)
MAC: A, = R..}*(w) - Hy,

v
Foru=1,..,U—-1;
Rxx Rxx"'Rxx(u) _
:Rﬁﬁ(u'l' 1) Rnn(u) + H* *Rzx - Hy
v
Foru=1"0,..,1
Hy= R %) - Hy - R ()
F,- Ay - M;, = svd (Hy)
xW=RL () - My Fy - REZ(W) - Rez(u) - RUZ(w) - Fy Mg, - R2* ()
Run (U — 1)= Ry (W) + Hy - Ry (W) - Hy; ; skipu =1

= Reverse is less interesting, but provided for completeness.

[3
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Order Reversal

~ _ ; ~ 0 0 I
= Semantics — alternate dual definition Hy,q,=(J, - H - Jy) =Jx - H - I, g20 - Lg’”]
I,, 0 0

= Allinformation, SVD, energy, etc are preserved as without J,:
* Single output on MAC corresponds to single input on BC.
* Jy just re-indexes dimensions (not users) — but this is matlab’s usual indexing.
* But the definition said reverse order (so can do it explicitly with J,,).

* The mac2bc and bc2mac programs basically do this tacitly in finding inputs:
e L16’s Hbc=conj( permute( Hmac(:,:;,end:-1:1),[21 3]) ) for N = 1 presumes the channel input has dimension 1 at top
* So, this is essentially multiplying by J,, tacitly.

. 1-9D .8-—.7D " 11+D* .8-—.7D*
= Examplehas: p_ (p)= Jy'[ _1 1+D] FAT b 1—9D*]

H(D) D* — e/ on unit circle (FFT)|

= Essentially dual here causes:
* User direct (magnitudes, - phase) to be the same, but priority is reversed.
C"j * Crosstalk flow to flip from transfer of u — u’ on original to u « u'.
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